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Abstract. We define the notion of a Kirby element of a ribbon category C (not 
necessarily semisimple). Kirby elements lead to 3-manifolds invariants. We 
characterize a set of Kirby elements (in terms of the structural morphisms of a 
Hopf algebra in C) which is sufficiently large to recover the quantum invariants 
of 3-manifolds of Reshetikhin-Turaev, of Hennings-Kauffman-Radford, and of 
Lyubashenko. The cases of a semisimple ribbon category and of a category of 
representations are explored in details. 
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Introduction 

During the last decade, deep connections between low-dimensional topology and 
the purely algebraic theory of quantum groups (or, more generally, of braided cat- 
egories) were highlighted. In particular, this led to a new class of 3-manifolds 
invariants, called quantum invariants, defined in several ways. 

The aim of the present paper is to give a as general as possible method of 
constructing quantum invariants of 3-manifolds starting from a ribbon category or 
a ribbon Hopf algebra. With this formalism, we recover the 3-manifolds invariants of 
Reshetikhin-Turaev |RT91l!TTIr94] . of Hennings-Kauffman-Radford | KR95llHerl96| . 
and of Lyubashenko |Lyu95a| when these are well-defined. 

Let k be a field and C be a k- linear ribbon category (not necessarily semisimple) . 
Under some technical assumption, namely the existence of a coend A S Ob(C) of 
the functor (X, Y) E C op xCh X* ® Y E C, a scalar tc(L; a) can be associated to 
any framed link L in S 3 and any morphism a € Home (t, A), see Lyu95a . Recall, 
see |Lyu95b| , that the object A of C is then a Hopf algebra in the category C. 

By a Kirby element of C, we shall mean a morphism a G Home (1, A) such 
that tc(L; a) is invariant under isotopies of L and under 2-handle slides. By using 
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the Kirby theorem |Kir78j . we have that if a is a Kirby element of C such that 
Tc(0 ±1 ; a ) 7^ 0, then rc(L;a) can be normalized to an invariant tc(Ml',o) of 
3-manifolds, where Q^ 1 is the unknot with framing ±1 and Ml denotes the 3- 
manifold obtained from S 3 by surgery along L. 

In general, determining all the Kirby elements of C is a quite difficult problem. 
In this paper we characterize, in terms of the structure maps of the categorical 
Hopf algebra A, a set 2(C) made of Kirby elements of C which is sufficiently large 
to contain the Kirby elements corresponding to the known quantum invariants. 

If the categorical Hopf algebra A admits a two-sided integral A : 1 — * A, then 
A belongs to 2(C) and the corresponding invariant tc(M;X) is the Lyubashcnko 
invariant |Lyu95a| . 

When C is semisimple, we give necessary conditions for being in 2(C) and we show 
that there exist (even in the non-modular case) elements of 2(C) corresponding to 
the Reshetikhin-Turaev invariants |RT91llTur94| computed from finitely semisimple 
full ribbon subcategories of C. Note that these elements are not in general two-sided 
integrals. 

More generally, we show that 2(C) contains the Kirby elements leading to the 
invariants obtained from 1(B), where B is a finitely semisimple full ribbon subcat- 
egory of the semisimple quotient of C. We verify that, in general, there exist Kirby 
elements in 2(C) which are not of this last form. This means that the semisimpli- 
fication process "lacks" some invariants. 

Let H be a finite-dimensional ribbon Hopf algebra. Suppose that C is the cat- 
egory rep H of finite-dimensional left //-modules. We describe 2(H) = 2(rep H ) in 
purely algebraic terms. One of the interest of such a description is to avoid the 
representation theory of H (which may be of wild type, see |Ben98j ). 

If H is unimodular, then 1 £ 2(H) and the corresponding invariant t^h.i) is the 
Hennings-Kauffman- Radford invariant KR95l lHen96j . More generally, and even if 
H is not unimodular, we show that the invariant T(h,z) of 3-manifolds corresponding 
to z € 2(H) can be computed by using the Kauffman-Radford algorithm. 

If V is a set of simple left ii-modules which makes (H, V) a premodular Hopf 
algebra, then there exists £ 2(H) such that T(u,z v ) is the Reshetikhin-Turaev in- 
variant computed from (H, V), which can then be computed by using the Kauffman- 
Radford algorithm. 

When H is semisimple and Ik is of characteristic 0, we show that the Hcnnings- 
Kauffman-Radford invariant (computed from H) and the Reshetikhin-Turaev in- 
variant (computed from rep^) are simultaneously well-defined and coincide (even 
in the non- modular case). In the modular case, this was first shown in |Ker97j . 

We explicitly determine 2(H) for a family of non-unimodular ribbon Hopf alge- 
bras which contains Sweedler's Hopf algebra. 

As an algebraic application, the operators involved in the description of 2(H) = 
2(vep H ) in algebraic terms allows us to parameterize all the traces on a finite- 
dimensional ribbon Hopf algebra H. When H is unimodular, we recover the pa- 
rameterization given in Rad94b, Hen96 . 

The paper is organized as follows. In Section 2] we review ribbon categories 
and coends. In Section |2 we define and study Kirby elements. We focus, in Sec- 
tion on the case of semisimple ribbon categories and, in Section on the case 
of categories of representations of ribbon Hopf algebras. In Section 03 we treat an 
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example in detail. Finally, in Appendix^ we study traces on ribbon Hopf algebras. 



Acknowledgements. I thank A. Bruguieres for helpful discussions, in particular 
for questions concerning category theory. 

1. Ribbon categories and coends 

In this section, we review some basic definitions concerning ribbon categories 
and coends. Throughout this paper, we let k be a field. 

1.1. Ribbon categories. Let C be a strict monoidal category with unit object 1 
(note that every monoidal category is equivalent to a strict monoidal category in a 
canonical way, see, |Lan9 8 ). A left duality in C associates to any object U G C an 
object U* G C and two morphisms ev^ : U* ® U — > 1 and coev^ : 1 — * U ® U* such 
that 

(1.1) (idu <g> ev[/)(coev(7 ® id;/) = id c/ 

(1.2) (eva ® idj/»)(idj/» ® coev^) = idjj* . 

We can (and we always do) impose that 1* = 1, ev^ = id^ and coevj = idi- 

By a braided category we shall mean a monoidal category C with left duality and 
endowed with a system {cjjy '. U ®V —> V ® U}u,V£C of invertible morphisms (the 
braiding) satisfying the following three conditions: 

(1.3) c v >y>(f <E> g) = (g® f)c Ut v, 

(1.4) C[/®yiy = (C[7,W ® idy)(id(7 (g> Cy,w), 

(1.5) ci/,vigiw = (idy <8> cit,w)( c 17,v ® idw), 

for all objects U,V,W G C and all morphisms / : J7 — > 17', ,g : V — » V in C. Note 
that, by applying (fTT^fl to f7 = V = 1 and lfl"5|) to V = W = 1 and using the 
invertibility of cu,± and c%jj, we obtain that C[/,i = c^c/ = idu for any object 
17 G C. 

A ribbon category is a braided category C endowed with a family of invertible 



morphisms {8jj : U — > U}uec (the twist) satisfying the following conditions: 

(1.6) 9 v f = f9u; 

(1.7) (6u ® id[/»)coev(7 = (idy 6*c/* ) coev c/; 

(1.8) 0[/<g,y = Cy.tfC^y (0y ® 0y); 



for all objects U, V G C and all morphism f : U — > V in C It follows from (|1.8|) 
that = idi- 

A ribbon category C canonically has a right duality by associating to any object 
U G C its left dual U* G C and two morphisms ev;y : t7 ® {7* — ► 1 and coevy : 1 — > 
17* <g> *7 defined by 

(1.9) evu — evucu,u*(8u <8 idy*); 

(1.10) coev[/ = (id(/« <8> flr/Hoy-^^coevy. 

Note that we have cvj = idj and coevi = idi. 
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The dual morphism /* : V* — > U* of a morphism / : U — > in a ribbon category 
C is defined by 

(1.11) /* = (evy <g idt/.)(idv» ® / <8 id[/»)(idy* ® coev;y) 

= (idt/« ® evy)(idt/» ® / ® idv«)(coevc/ ® idy»). 

It is well-known that (idy)* = idu* and (/$)* = g* f* for composable morphisms 
/, g. Axiom (|1.7(l can be shown to be equivalent to d\j = Qjj* . 

Let C be a ribbon category. Note that Endc(l) is a semigroup, with composition 
as multiplication, which is commutative (since C is monoidal). The quantum trace 
of an endomorphism f :U U of an object U G C is defined by 

(1.12) tr g (/) = eva(/ ® id[/.)coev(7 = ev t /(id (7 - ® f)c6ev v G End c (l). 

For any morphisms uiJ/^V^, v : — > J7 and for any endomorphisms /, g in C, 
we have 

(1.13) tr,(u«)=tr 9 («u), tr,(/*) = tr ? (/), and tr q (f ® 5 ) = tr,(/) tr q (g). 
The quantum dimension of an object J7 G C is defined by 

(1.14) dim g ({/) = tr g (idy) = ev^ coev^ = ev^ coev^ G End c (l). 

Isomorphic objects have equal dimensions and dim 9 (C7 ® V) = dim g (f7) dim g (y) 
for any objects U, V G C. Note that dim 9 (l) = idj. 

1.2. k-categories. Let k be a field. By a k-category, we shall mean a category 
for which the sets of morphisms are k-spaces and the composition is k-bilinear. 
By a monoidal k- category, we shall mean k-category endowed with a monoidal 
structure whose tensor product is k-bilinear. Note that if C is a monoidal k-category, 
then Endc(l) is a commutative k- algebra (with composition as multiplication). A 
monoidal k-category is said to be pure if Endc(l) = k. 

By a ribbon k-category, we shall mean a pure monoidal k-category endowed with 
a ribbon structure. 

1.3. Graphical calculus. Let C be ribbon category. Any morphism in C can be 
graphically represented by a plane diagram (we use the conventions of |Tur94j ) . 
This pictorial calculus will allow us to replace algebraic arguments involving com- 
mutative diagrams by simple geometric reasoning. This is justified, e.g., in Tur94 . 

A morphism / : V — ► W in C is represented by a box with two vertical arrows 



oriented downwards, as in Figure 1(a) Here V,W should be regarded as "colors" 



of the arrows and / should be regarded as a "color" of the box. More generally, a 



morphism / : V\ ® • • • <8> V m — ► W\ ® ■ ■ • <8> W n may be represented as in Figure 1 (b) 
We also use vertical arrows oriented upwards under the convention that the 

morphism sitting in a box attached to such an arrow involves not the color of the 

arrow but rather the dual object. 

The identity endomorphism of an object V G C or of its dual V* will be repre- 



sented by a vertical arrow as depicted in Figure 1(c) Note that a vertical arrow 
colored with 1 may be deleted from any picture without changing the morphism 
represented by this picture. The symbol "=" displayed in the figures denotes equal- 
ity of the corresponding morphisms in C. 

The tensor product f®goi two morphisms / and g in C is represented by placing 
a picture of / to the left of a picture of g. A picture for the composition g o f of 
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Figure 1 . Plane diagrams of morphisms 

two (composable) morphisms g and / is obtained by putting a picture of g on the 
top of a picture of / and by gluing the corresponding free ends of arrows. 

The braiding c v . w : V ® W -> W ® V and its inverse Cy W :W ®V ®W, 
the twist 9y ■ V — > V and its inverse Oy 1 : V — > V", and the duality morphisms 
cvy : Y*®V -> 1, coevy : 1 -» V"(8>y*, evy : -> 1, and coevy : 1 -> V*<g>V 

are represented as in Figures 2(a)| 2(b) and 2(c) respectively. The quantum trace 



of an endomorphism / : V — > V in C and the quantum dimension of an object 



V G C may be depicted as in Figure 2(d) 



1.4. Negligible morphisms. Let C be a ribbon Ik-category. A morphism / G 
Homc(X, Y") is said to be negligible if ti q (gf) — for all g S Home (Y, X). Denote 
by Negl c (X, Y) the k-subspace of Home (X, Y) formed by the negligible morphisms. 

It is important to note that Negl c is a two-sided ®-ideal of C. This means that 
the composition (resp. the tensor product) of a negligible morphism with any other 
morphism is negligible. 

Note that since End(l) = k, a morphism / : 1 — > X is negligible if and only if 
gf = for all morphism g : X — ► 1. 

1.5. Dinatural transformations and coends. Recall that to each category C 
we associate the opposite category C op in the following way: the objects of C op 
are the objects of C and the morphisms of C° p are morphisms / op , in one-one 
correspondence / i— > / op with the morphisms in C. For each morphism / :U — > V 
of C, the domain and codomain of the corresponding / op are as in f° p : V — > J7 
(the direction is reversed). The composite f op g° p = (gf) op is defined in C op exactly 
when the composite gf is defined in C This makes C op a category. 

Let C and B be two categories. A dinatural transformation between a functor 
F : C° p x C — > £> and an object -B G £> is a function d which assigns to each object 
leCa morphism dx ■ F(X, X) — > £> of £> in such a way that the diagram 

W X) F(kW) » F(Y,Y) 



J 



dy 



F{X,X) x > B 

commutes for every morphism / : X — » Y in C 

A coend of the functor F is a pair (A, i) consisting of an object A of £> and a 
dinatural transformation i from F to A which is universal among the dinatural 
transformation from F to a constant, that is, with the property that, to every 
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tr,(/) = / 





(d) Trace and dimension 



Figure 2. 



dinatural transformation d from F to B, there exists a unique morphism r : A 
such that, for all object leC, 



r o i x . 



(1.15) 

By using the factorization property (|1.15() . it is easy to verify that if (A,i) and 
(A' , i') are two coends of F, then they are isomorphic in the sense that there exists 
an isomorphism / : A — > A' in B such that i' x — I o i x for all object X £ C. 

1.6. Categorical Hopf algebras from coends. Let C be a ribbon category. 
Consider the functor F : C op xC-»C defined by 



(1.16) 



F(X,Y)=X*®Y and F(/°p, ff ) = /* ® ff 



for all objects X £ C op , Y G C and all morphisms /, g in C. 

Suppose that the functor F admits a coend (A, i). Then the object A has a 
structure of a Hopf algebra in the category C (see |Lyu95b| ). This means that there 
exist morphisms : A (g) A — *• 1, tja ■ 1 — > A Aa : A — ► A ® A, : A — ► 1, 
and SU : A — > A, which verify the same axioms as those of a Hopf algebra except 
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the usual flip is replaced by the braiding ca,a '■ A ® A — > A ® A. By using the 
factorization property Ijl.l5|l and the naturality of the braiding and twist of C, 
these structural morphisms are defined as follows: 

(i.i7) A A o tx = (x*®x id *-® c °° v *® id * r^«r 8 i^ A® A 



A. 



(1.18) e A °ix=evx, 

(1.19) rj A - 1 = 1*8)1 

(1.20) toa ° (ix ®iy) = ( 

(1.21) 5 A oi x = — 



X* <g)X <g)Y* (g>Y Cx - Y *®\ X* (g>Y* <g)Y <g)X 



{Y®X)*®(Y®X) 4 



X<g>X* 



X** (g) X* 



.4 



Here X and Y are any objects of C. The defining relations (|1.17|) - (|1.21|) arc graph- 
ically represented in Figure 
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XX XX XX 



(a) A A : A —> A ® A 



(b) £A : A - 1 



(c) r IA : 1 -> A 




«y®A 
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y ® 


idr^A 






5.4 



X X Y Y X X Y Y 



X X 



X X 



(d) vriA ■■ A ® A — > A 



(e) 5 A : A A 



Figure 3. Structural morphisms of A 
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It can be shown that the antipode Sa '■ A — * A is an isomorphism and that 
S\ = Oa (see |Lyu95b| ). Moreover, as for Hopf algebras, the antipode is anti- 
(co)multiplicative, that is, 

(1.22) S A mA = m A (SA® S a )ca,Ai S a t]a = Va, 

(1.23) A A S A = c a ,a(Sa ® S A )A A , e A S A = e A . 

The Hopf algebra A posses a Hopf pairing lua '■ A® A — > 1 (sec Lyu95a|) defined 

by 

(1.24) lua ° {ix ® iy) = (^x ® evy)(idjf« <g> cv^cxj* (8) idy) 

for any objects X, Y G C. This pairing is said to be non- degenerate if WA(idA <8> 
cocva) : A — > ^4* and WA(c~6evA <8 id^) : -A — » ^4* are isomorphisms. 

Set: 

(1.25) Ti = (id A ® m A )(A A ® id^) : A <g> ^ -> A ® A, 

(1.26) I\ = (wa <g) id j4 )(id j4 ® Aa) : A® A—f A® A. 

Lemma 1.1. Ti(S A ® S a )ca,a = c a ,a(S A ® S A )T r . 
Proof. By using ifOjl . jES2) and JOSJl, we have 

I" ; (5a ® Sa)^,^ = (idA <8 m A )(A A SA ® 5a)ca,a 

= (id A ® m A )(cA,A( s A ® 5a)A a <g> Sa)^,^ 
= (5a (8 m j4 (S , j4 ® S , j4 ))(c yl ,AAA ® idA)cA,A 
= (Sa ® 5Am A )(id^ ® c^)(caa ® id A )(A A ® id A )cA,A- 
Then, using and l[Q |l -l(T3 |l . we get that 

Ti{Sa<E>S a )ca,a 

= (Sa ® S' J 4'Ti yl )(id J 4 ® c A 1 A )(c j4 ,A <8> id j4 )c J 4,A<»A(idA <8> Aa) 
= (5a ® S , AmA)(idA ® c^ 1 A )cA, A <g)A(idA ® ca,a) (idA ® A a) 
= (5a ® S , AmA)(idA <8> c A 1 A )(id yl ® ca,a)(ca,a ® id A )(idA ® CA,A)(idA <8> A A ) 

= (S A ® S , ATl J 4)c j 4(giA,A(idA ® Aa) 

= caa( 5 'a ® 5a) (mi ® idA) (idA ® Aa) 
= caa(<5a ® 5A)r r . 



□ 

Corrolary 1.2. Suppose that C is moreover a (monoidal) k- category. Let a £ 
Homc(l, A). IfSACt — a € Negl c (l, A), then the following assertions are equivalent: 

(a) Ti(a ® a) — a ® a : 1 — > A ® A is negligible; 

(b) r r (a ® a) - a a : 1 ^ A ® A is negligible. 

Moreover, if Sa ° ct — a, then Fi (a (8> a) = a <g> a ?/ and on/y if T r (a (8 a) = a ® a. 

Proof. This is an immediate consequence of Lemma ll. II since Negl c is a two-sided 
<g>-ideal of C. □ 
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2. KlRBY ELEMENTS OF A RIBBON CATEGORY 

In this section, we generalize the Lyubashenko's method |Lyu95a| of constructing 
3- manifolds invariants from ribbon categories. 

2.1. Special tangles. Let n be a positive integer. By a n-special tangle we shall 
mean an oriented framed tangle TcR 2 x [0, 1] with 2n bottom endpoints and no 
top endpoints, consisting of n arc components such that the fcth arc (1 < k < n) 
joins the (2k — l)th and (2A:)th bottom endpoints and is oriented out of R 2 x [0, 1] 
near the (2fc)th bottom endpoint (and so inside R 2 x [0, 1] near the (2k — l)th 
bottom endpoint). 

Diagrams of special tangles are drawn with blackboard framing. An example of 



a 3-special tangle is depicted in Figure 4(a) 



Let C be a ribbon category. Suppose that the functor l|1.16fl admits a coend 
(A, i). Let T be a n-special tangle. For objets X\, . . . , X n G C, let T(x lt ... t x n ) be 
the morphism XI <g) X x ® ■ ■ ■ ® X* ® X n — > 1 in C graphically represented by a 
diagram of T where the fcth component of T has been colored with the object X^. 
Note that T(x lr .. ,x„) does not depend on the choice of the diagram of T, that is, 
only depends on the isotopy class of T (see |Tur94| ^l. Since the braiding and twist 
of C are natural and by using the Fubini theorem for coends (see |Lan98j ) . there 
exists a (unique) morphism <pT : A® n — > 1 such that 

(2- 1 ) T (Xu ...,x n ) = 4>t o (i Xl ® • • • <8 ixj 



for all objects X\,..., X n € C (see Figure 4(b) for n = 3) 





<t>T 



l x 1 



Si 



l x 3 



X-\ X-\ Xo Xo X% X*t 



7~T TT 

X\ Xi X2 X2 X-t, x% 



(a) A 3-special tangle T 



( b ) T ( x 1 ,x 2 ,x 3 ) = <t>T o (ix t ®ix 2 ®ix 2 ) 



Figure 4. 



2.2. Kirby elements. Let C be a ribbon category such that the functor (|l.ltj|) 
admits a coend (A,i). 

Let L be a framed link in S 3 with n components. Fix an orientation for L. 
There always exists a (non-unique) n-special tangle Tl such that L is isotopic 
Tl o (u_ ® • ■ • ® U_), where U_ denote the cup with clockwise orientation, see 
Figure 6(a) For a G Homc(l, A), set 



where </>t l : A 1 



t c (L;q) =0 Ti oa®" GEndc(l), 
1 is defined as in (|2.1|) . 



10 



ALEXIS VIRELIZIER 



Definition 2.1. By a Kirby element of C, we shall mean a morphism a E Home(l, A) 
such that, for any framed link L, rc(L;a) is well-defined and invariant under iso- 
topies and 2-handle slides of L. A Kirby element a of C is said to be normalized 
if Tc(0 ±1 ; a ) is invertible in Endc(l), where ±X denotes the unknot with fram- 
ing ±1. 

Note that the unit tja ■ 1 — » A of the categorical Hopf algebra A is a normalized 
Kirby element. The invariant of framed links associated r]A is the trivial one, that 
is, tc(L] t]a) — 1 for any framed link L. 

Lemma 2.2. Let a be a Kirby element of C . Then tc{LL\L' '; a) = tc(L;oi)tc(L';oi) 
for any framed link L and L' , where L U L' denotes the disjoint union of L and V . 

Proof. Let Tl (resp. Tl<) be a special tangle such that L (resp. L') is isotopic 
T L o (U_ ® • • • <g) U_) (resp. o (U_ ® • • • ® U_)). The tangle T = T L <g> T L , is 
then special and such that the disjoint union LUL' is isotopic T o (u_ (8> • • ■ <S> U_). 
Therefore </>t = ® 0t l , and so tq(L U L'; a) = tc(L; a) tc(L'; a). □ 

Let Q± : A — » 1 be the morphism defined by 
(2.2) 6±o lx = ev x (id x . 

where X is any object of C (see Figure 5). Note that if a be a Kirby element of C, 
then r c (0 ±1 ;a) = @±«- 




Figure 5. 

Recall (see |Lic97| ) that every closed, connected, and oriented 3-manifold can 
be obtained from S 3 by surgery along a framed link L C S 3 . In this paper, all 
considered 3-manifolds are supposed to be closed, connected, and oriented. For any 
framed link L in S 3 , we will denote by Ml the 3-manifold obtained from S 3 by 
surgery along L, by til the number of components of L, and by 6-(L) the number 
of negative eigenvalues of the linking matrix of L. 

Normalized Kirby elements are of special interest due to the following proposi- 
tion. 

Proposition 2.3. Let a be a normalized Kirby element of C. Then 

T C {M L ;a) = (e + a) b - (L) -^ (e-a)- h - (i) r c (L;a) 

is an invariant of 3-manifolds. Moreover Tc(M#M';ct) — Tc(M;a)Tc(M';a) for 
any 3-manifold M and M' . 

Proof. The fact that Tc(ML',a) is an invariant of 3-manifolds follows from Kirby 
theorem )Kir78| . Indeed tc(L;oc), b_(L) and Ul are invariant under 2-handlc 
slides and r c (0 ±1 UL;a) = (0±ar) t c (L; a) by Lemma IO MO 1 u L ) = b -( L )> 
b-iQ- 1 UL) = b-(L) + 1, and n ±i ui = n L + l. 
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Let L and L' be framed links in S 3 . The disjoint union L U V is then a framed 
link in S* 3 such that Mlul 1 — MlJ^Ml'- Then the multiplicativity of Tc(M;a) 
with respect to the connected sum of 3-manifolds follows from Lemma 12.21 and the 
equalities b-(L U V) — b-(L) + b^(L') and tt-luL' = + Hi/. D 

Remarks 2.4. [a]. For any normalized Kirby element a of C, we have that 

r c (S* 3 ;a) = l and ^(S 1 x S 2 ; a) = (6+a)" 1 e A a. 

[b]. The invariant of 3-manifolds associated to the unit t\a ■ 1 — > ^4 of the 
categorical Hopf algebra ^4 (which is a normalized Kirby element) is the trivial one, 
that is, Tc(M; i]a) = 1 for any 3-manifold M. 

In general, determining when a morphism ^4®" — > 1 is of the form (f>T for some 
special n-tangle T is a quite difficult problem. Hence does so the problem of de- 
termining all the (normalized) Kirby elements of C. In the next section, we char- 
acterize a class of (normalized) Kirby elements of C by means of the structural 
morphisms of the categorical Hopf algebra A. This class will be shown to be suffi- 
ciently large to contain the Lyubashenko invariant (which is a categorical version of 
the Hennings-Kauffman-Radford invariant) and the Reshetikhin-Turaev invariant 
(computed from a semisimple quotient of C) when these are well-defined. 

2.3. A class of Kirby elements. Let C be a ribbon Ik-category such that the 
functor (|1.16(l admits a coend (A 7 i). 

Recall the notion of negligible morphisms (see Section H~4^ . Set: 

1(C) = {a e Hom c (l, A) | S A a - a € Negl c (l, A) and 

Ti(a(gia) -a®a€ Negl c (l, A (g> A)}, 

Z(C) norm = {a e 1(C) | Q+a ^ and 6_a ^ 0}, 

where F; : A® A^ A® A and 6± : A — > 1 are defined in l(TT23|l and (|2~2"j) . 

Note that, in the above definitions, the morphism F/ can be replaced by the 
morphism T r which is defined in (|1.26() (see Corollary 1 1.2fl . 

Remark that the sets 1(C) and X(C) norm always contain a non-zero element, 
namely the unit tja ■ 1 — > A. Moreover, 

(2.3) kI(C) + Negl c (l, A) C 1(C) and k*Z(C) norm + Negl c (l, A) C Z(C) norm , 

since Negl c is a two-sided (g>-ideal of C and Negl c (l, 1) = (because Endc(l) = k 
is a field). 

Theorem 2.5. (a) The elements of 1(C) are Kirby elements of C. 
(b) The elements of l(C) nmm are normalized Kirby elements of C. 

Remarks 2.6. [a]. It follows from Proposition 12.31 that any a € l(C) norm leads 
to a 3-manifolds invariant Tc(M;a) with values in Endc(l) = k. Recall that this 
invariant is multiplicative with respect to the connected sum of 3-manifolds and 
verifies 

r c (S 3 ;a) = l, T C {S l x S 2 ;a)^(e + a)- 1 e A a, T C (M;n A ) = l, 
for any 3-manifold M. 

[b]. Let a G X(C) norm , n G Negl c (l, A), and k E k* . Then 

ka + n G X(C) norm and r c (M; fca + n) = r c (M; a) 
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for any 3-manifold M. This follows from (|2.3|l and the choice of the normalization 
in the definition of tc(M; a) (see Proposition ^. 3(1 . 

[c] . Suppose that C is 3-modular (see |Lyu95a| ). Then A admits a (non-zero) 
two-sided integral A G Home (1, A), that is, 

mi(A ® idyi) = i]a£a — ttia^a ® A). 

Moreover A 6 Z(C) noim and tq(M; A) is the Lyubashenko invariant of 3-manifolds. 
Note that when C admits split idempotents, then A is unique (up to scalar multiple), 
see BKLTOO]. 

The condition that A posses a (non-zero) two-sided integral is quite limitative 
(for example, when C is the category rep H of representations of a finite-dimensional 
Hopf algebra H, this implies that H must be unimodular). In Sectional we give an 
example of non-unimodular ribbon Hopf algebra H and of an element a G T(iep H ) 
which is not a two-sided integral and leads to a non-trivial invariant. 

[d] . When C is finitely semisimple, we show in Section l3~3l fsee Corollarv l3.7(l that 
there exists ac G 1(C) corresponding to the Reshetikhin-Turaev invariant defined 
with C. Note that ac G 1(C) is not in general a two-sided integral. 

More generally, we show in Section T3.5I fsee Corollary I3.9fl that 1(C) contains 
elements corresponding to the Rcshctikhin-Turaev invariants defined with finitely 
semisimple full ribbon subcategories of the ribbon semisimple quotient of C. 

Proof of Theorem, i2.5\ Let us prove Part (a). Fix a G 1(C). Let L = L\ U • • • U L n 
be a framed link. Firstly, since Saol — a £ Negl c (i, A), then Tc(L;a) does not 
depend on choice of Tj, neither the orientation of L and is an isotopic invariant 
of the framed link L. Indeed, this is proved in the case Sac* — a in |Lyu95a| 
Proposition 5.2.1]. The same arguments work when Sac* — a 6 Ncgl c (l, A) since 
Negl c is a two-sided £g>-ideal of C. 

Let us show that Tc(L;a) is invariant under 2-handle slides. Choose an ori- 
entation for L. Without loss of generality, we can suppose that the component 
L\ slides over L^. Let L' 2 be a copy of L2 (following the framing) and set V = 
(Li#L' 2 ) U L 2 U • • • U L n . We have to show that t c (L'; a) = t c (L; a). Let T L be 
a n-special tangle such that L is isotopic Tl o (u_ ® ■ ■ ■ <8> U_), where the ith cup 
(with clockwise orientation) corresponds to the component Li, see Figure 6(a) Let 
&2(Tl) be the (2n + 2,0)-tangle obtained by copying the 2nd component of Tl 
(following the framing) in such a way that the endpoints of the new component are 
between the 2nd and 3th bottom endpoints and between the 4th and 5th bottom 
endpoints of Tl. A n-special tangle T" such that L 1 is isotopic T" o (U_ (S> • • • ® U_) 
(where the ith cup corresponds to the ith component of V) can be constructed 



from A2 (Tl) as in Figure 6(b) For example, if Tl is the 3-special tangle depicted 



in Figure 6(c) then let T" be the 3-special tangle of Figure 6(d) 

By the equalities of Figure l2~3l where X%, . . . , X n are any objects of C, and by the 

uniqueness of the factorisation through a coend, we get that 

(j) T , = (/) Tl O (r; (g) id A ®(n-2)). 

Therefore, since Ti(a ® a) — a ® a G Negl c (l, A® A), we get that 

Tc(L'-a) = <j>T>a® n = cf) TL (Y& Am ®a® {n - 2) )Ti(a®a) = cj) TL a® n = r c (L;a). 

To show Part (b), it suffices to remark that Tc(0 ±1 ; a ) G Endc(l) is invertible 
since r c (0 ±1 ; a) = 0±a ^ and End c (l) = k is a field. □ 
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A 2 (T L ) 




(c) T L (d) T' 



Figure 6. 



2.4. Kirby elements via functors. Let us see that Kirby elements can be "pulled 
back" via ribbon functors. 

Let A, £>, and C be ribbon Ik-categories. Suppose that the functor (|1 . 1 f>|) of A 
admits a coend (A, i) and that the functor p. 16(1 of B admits a coend (B,j). Let 
7r : A — > C and l : B — > C be ribbon functors. Since A and B are categorical 
Hopf algebras and 7r and t are ribbon functors, the objects tt(A) and i(B) are Hopf 
algebras in C (with structure maps induced by 7r and i respectively). 

Proposition 2.7. Suppose that n is surjective, l is full and faithful, and that there 
exists a Hopf algebra morphism cp : l(B) — > 7r(A) such that Tr(ix) — ip o t(jy) 
for all objects X £ A and Y £ B with ir(X) = t(Y). Let (3 £ Hornet, B) and 
a £ Hom_4(l, A) such that n(a) — ip o l((3). 

(a) If (3 £ 1(B), then a £ X(-4.) cmd t a (L\ a) = t^{L\ f3) for any framed link L. 

(b) If f3 £ Z(£) norm ; t/ien a £ X(^) norm and r^(M;a) = t b (M;/3) for any 
3-manifold M . 

Proof. Let us prove Part (a). Suppose that (3 £ I{B). Since the structure maps 
of 7t(A) and l(B) are induced by tt and t from those of A and B respectively, and 
since ip : l(B) — » 7r(A) is a Hopf algebra morphism, we have: 



n(S A a - a) = (S„( A ) - id^^M") = (S^a) - id 7r (A))vt(/3) 
= <p{S k (B) - id t (s))i(/3) = (pi-(S B {3 - 0) 
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rpl 



L L(Xi 1 X 3 ®X ll X s ,...,X n ) 




Xi Xi X n X n 



A 1 X\ Xi X2 



X3 X 3 X n X n 




Figure 7. 



and 

n(rf(a ® a) - a ® a) = (Tj {A) - id^ A jm )(tt(q;) ® 7r(a)) 

= (rf^-id 7r(A) «2)^( ( 5®/3) 
= ¥>(if B) -id t(B)8 2 )t(/9® /3) 

Now, since SbP — P and Tf(j3 ® (3) — (3 ® (3 are negligible in £>, t is full, and 
trf = tr£ o t, we get that tt(SaC( — a) and n(Tf(a ® a) — a ® a) are negligible 
in C. Hence, since 7r is surjective and tr^ on — tr^ , the morphisms S^a — a and 
Tf(a ® a) — a ® a are negligible in .4, that is, a £ 

Let L = L\ U ■ • • U L n be a framed link in S 3 . Let be a n-special tangle 
such that L is isotopic 2l o (U_ ® ■•■ <& U_), where the ith cup (with clockwise 
orientation) corresponds to the component Lj. Let Yi, . . . , 1^ be any objects of B. 
Since n is surjective, there exists objets X\, . . . , X n of A such that 7r(Xfe) = t(Yfc). 
Recall that, by assumption, ir(ix k ) = (pi(jY k )- Since 1 is full and the domain and 
codomain of the morphism ir(4 l T L ) l P® n 01 C are i(B® n ) and 1 = respectively, 
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there exists a morphism £ : B® n — > 1 in B such that *,(£) = -K((j)^ L )(p® n . Then 



b% o 



= T L( t (lU..., t (Y„)) 
= ^(XO i(X„)) 

= tCTlU,...,*,,)) 

= 7r(^ )(7r(i Xl ) ® • • • <8> tt(«x„)) 
= 7r(</»T L ) OC?Vi ) ® • ■ • ® ^0V„)) 
= 7r(^ ) V ® n o t(j Yl <g> • • • <8> jy„) 

= t (C°(jyi ®---®jy„))- 

Therefore, since i is faithful, (j>j, o (jVi 8> • • • <8> jy„ ) = £ ° C?Vi ® ■ ■ ■ <8> j Yn ) and so, 
by the uniqueness of the factorization through a coend, we get that (j)® L = £, that 
is, l{4>t l ) — ^(^Tl)^ 71 ■ Hence, since the maps End^(l) = Ik — > Endc(l) = k and 
Endg(l) = k — > Endc(l) = k induced by tt and t respectively are the identity of k, 
we have that 

T C (L;a)=w(T C (L;a))=w(<j>$ L a® n ) 
= 7r(^>® n t (/3® n ) 
= L(<f>* L f3® n ) = L(T B (L;(3))=T B (L;(3). 

Let us prove Part (b). Suppose that /3 6 I(B) norm . Let Y be any objet of B. 
Since tt is surjective, there exists an object X of A such that n(X) = i(Y). Recall 
that, by assumption, n(ix) = tpob(j Y ). Since i is full and the domain and codomain 
of the morphism 7r(0±)</J of C arc i(B) and 1 = respectively, there exists a 
morphism <r ± : _B — > 1 in B such that t(?±) = 7r(0±)<£. We have that 

t(?± O t(jV)) - 7T(0±V O t (jV) - 7T(6^x) = 7T(cv^(idx. ® ^)) 

= ev$ w (id wW . ®^ } ) - t (cv^)(,(id y ,)®^v) ±1 ) 
= t(ev?(idy. ® ^ ±1 )) = t(0^ o j Y ). 

Therefore, since i is faithful, 0^ o j Y = <T± o t(jV) and so, by the uniqueness of 
the factorization through a coend, we get that 0^ = ?±, that is, t(0±) = 7r(0±)<p. 
Then 

0^a = 7r(0^a) = tt(0^ V(/3) = t(0^/3) - 0^/3. 

Hence, since 0^/3 ^ and by Part (a), we get that a G I(^4) norm and t a (M; a) = 
t b (M; (3) for any 3-manifold M. □ 



3. The case of semisimple ribbon categories 

In this section, we focus on the case of semisimple categories C. We give necessary 
conditions for being in 1(C). In particular, we show that there exist (even in the 
non-modular case) elements of 1(C) corresponding to Rcshctikhin-Turaev invariants 
computed with finitely semisimple ribbon subcategories of C. Moreover, we study 
Kirby elements coming from semisimplification of ribbon categories. 
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3.1. Semisimple categories. Recall that a category C admits (finite) direct sums 
if, for any finite set of objects X\, . . . , X n of C, there exists an object X and 
morphisms pi : X —> Xi such that, for any object Y and morphisms fi : Y — > Xi, 
there is a unique morphism / : Y — > X with pi o / = fi for all i. The object X is 
then unique up to isomorphism. We write X = ®iXi and / = ®ifi. 

A k-category is abelian if it admits (finite) direct sums, every morphism has 
a kernel and a cokernel, every monomorphism is the kernel of its cokernel, every 
cpimorphism is the cokernel of its kernel, and every morphism is expressible as 
the composite of an epimorphism followed by a monomorphism. In particular, an 
abelian category admits a null object (which is unique up to isomorphism). Note 
that a morphism of an abelian k-category which is both a monomorphism and an 
cpimorphism is an isomorphism. 

Let C be an abelian k-category. A non-null object U of C is simple if every non- 
zero monomorphism V — > U is an isomorphism, and every non-zero epimorphism 
U — > V is an isomorphism. Any non-zero morphism between simple objects is an 
isomorphism. An object U of C is scalar if Endc(V) = k. Note that if k is alge- 
braically closed, then every simple object is scalar. An object of C is indecomposable 
if it cannot be written as a direct sum of two non-null objects. Note that every 
scalar or simple object is indecomposable. 

By a semisimple k-category, we shall mean an abelian k-category for which every 
object is a (finite) direct sum of simple objects. By a finitely semisimple k-cate- 
gory, we shall mean a semisimple k-category which has finitely many isomorphism 
classes of simple objects. Note that in a semisimple k-category, every scalar or 
indecomposable object is simple. 

In a semisimple ribbon k-category C, any negligible morphism is null. Therefore, 
for every object X, Y of C, the pairing 

(3.1) Home (X, Y )® Home (Y,X)-+k f®g^tr q {gf) 

is non-degenerate. Note that this implies that the quantum dimension of a scalar 
object of C is invertible. 

Lemma 3.1. Let C be a finitely semisimple ribbon k-category whose simple objects 
are scalar. Let A be a (finite) set of representatives of isomorphism classes of simple 
objects of C. Fix an object X of C. For any AgA, set 

n\ = dimk Home (A, A) = dim^ Homc(X, A) 

and let {/* |1 < i < n\} be a basis of Home (X, X) and {gf 1 1 < i < n\} be a basis 
ofHomc(X, A) such that gfff — Sij id\ for all 1 < i,j < n\ (such basis exist since 
the pairing (13.1(1 is non- degenerate). Then 

id* = £ E fist- 

AeA l<i<n, x 

Proof. Note that since C is semisimple with scalar simple objects, the Home's 
k-spaces are finite-dimensional. Since the category C is semisimple, the composi- 
tion induces a k-linear isomorphism (B\ e \Homc(X, A) C3) Home(A, X) — > Endc(A). 
Therefore, for all A G A and 1 < i,j < n\, there exist ax.ij £ k such that 



KIRBY ELEMENTS AND QUANTUM INVARIANTS 



17 



id x = EagA J2i<i,j<n x a -Mj fig*. Let A G A and 1 < i,j < n\. Then 
6 id id A = ;/ A /f = 5- idx // = £ E a M>W tiMti 

/jGA l<fc,i<n A 

= ^ ^ o^.fc.i <5a,^ #i,fc id M = flA,^- idA, 

/iGA l<k,l<n x 

and so OA,i,j = 5i,j- Hence id x = EagA Ekk^ □ 

3.2. Kirby elements of finitely semisimple ribbon categories. Let 6 be a 

finitely semisimple ribbon k-category whose simple objects are scalar. 

Note that under these assumptions, the k-space Homis(X, Y) is finite-dimensional 
for any objects X, Y of B. 

Denote by A a (finite) set of representatives of isomorphism classes of simple 
objects of B. We can suppose that 1 6 A. For any AeA, there exists a unique 
A v G A such that A* ~ A v . The map v : A — > A is an involution and l v = i. Recall 
that dim g (A) ^ for any AeA. 

Set 

(3.2) B = 0A*«AeB. 

AeA 

In particular, there exist morphisms p\ : B — » A* ® A and q\ : A* ® A — > B such 
that ids = EagA^aPa an d Pa<Z^i = <5a,/j idA*®A- Let X be an object of B. Since £> 
is semisimple, we can write X = ©jg/Ai, where / is a finite set and A^ G A. We set 

(3.3) j x = J>a, ° («? ® P<) : X * ® X -» S > 

ie/ 

where : A — > A.; and ^ : A^ — > A are morphisms in 2? such that idx = Ejp/ 
and piQj — Si.j idAi- Note that jx does not depend on the choice of such a family 
of morphisms. Remark that jx = for any AeA. It is not difficult to verify that 
(B,j) is a coend of the functor l|1.16fl of B. By Section the object B is a Hopf 
algebra in B. 

For any AeA, set 

(3.4) e x = jxcoevx : 1 -> B and fx = cv x px ■ B -► 1. 
Note that /aC/i = 5x,^dmi q (X) for any A, fi e A. 

Lemma 3.2. (a) (ca)agA is a basis of the k-space Homs(l,_B). 

(b) (/a)agA is a basis of the k-space Homg(i?, 1). 

(c) For any A, ^ G A, 

SB{e\) = e A v, Vb = e tl e B {ex) = dim g (A), 

(ids <8> f^)A B {ex) = Sx.^ex, m B {ex ® e M ) = A^ M e„, 

where = dim^ Homg(A (8) /i, ■ 

Proof. Let us prove Part (a). For any A G A, the k-space Homg(l,A* ® A) is 
one-dimensional (since A is scalar) with basis coevA- Therefore there exists xx G k 
such that pa/ = ZACoevA, and so / = ids/ = EagA^Pa/ = EagA^aca- Hence 
the family (ca)agA generates Homg(l,_B). To show that it is free, suppose that 
EagA^^a = 0. Then, for any fx G A, = J2xeA Xx U ex = dim q (fj,)x IJ . and so 
= since dim g (/z) ^ 0. 
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^7 



(a) S s (e A ) = e A v 



B 





J 




B 




A B 




B 




e\ 






3\ 



^7 



(b) (ids <8> U)A B (e x ) = S X}ll e x 



Figure 8. 



Part (b) can be shown similarly. Let us prove Part (c). Let A, /x G A. By 
definition, tjb = ji = jVcoevi = e% (since coevi = idi) and £_b(ca) = EBjxcoevx = 
ev A coev A = dim g (A ). Th e e qualiti es S B (e\) = e\v and (id B (g) f^)A B (e\) = S\^e x 
are shown in Figure 8(a) and 8(b) respectively. Write A<8>/i = 0i e /Ai. In particular, 
there exits morphisms pi : A ® /J — > A,; and ^ : A^ — > A ® ^ such that idA® M = 
Y^ieiliPi and = ^i,j id Ai- Recall that ja®^ = J2 i&I 3Xi{Q* ®Pi)- For any v E A, 
since Homg(A (g) /x, v) = ©ig/Homg^, v), we have that 

Nx tli = dim k Home (A (g> /x, z/) = 5a 4)V . 

Then the equality ms(e.\ ® e M ) = X^eA ^I,,^ is shown in Figure|H| □ 

Since i3 is semisimple and so its negligible morphisms arc null, we have that: 

2(B) = {a G Homs(l, A) | S^a = a and r/(a (g> a) = a ® a}. 

Lemma 3.3. Let a = X)agA a ^eA G Homg(l,i3), where a\ G k. Suppose that 
a G 1(B). Set A Q = {A G A | (1a ^ 0}. TTien a = «i X)agA q dim g (A)eA- Moreover, 
the set A Q is suc/i t/iai A^ = A Q and 1713(0 e\) = dim g (A) a = mB(e\ <£> a) for 
all A G A a . 

Proof. By Lemma l3.2f c). since Sb(o>) = a, we have that a\ — a\v for all A G A 
and so A^ = A a . Let //, v G A. Since r r (a<£>a) = a® a and by using Lemma ET2T c). 
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= E 

i€I 



3\i 



^7 



= E^ 



Figure 9. A B (e x ® e M ) = £„ eA iV^c 



we have that 

dimgO^dim^i/Jaj,^ = (/„ ® fx) (a ® a) = (/„ ® / M )I\.(a ® a) 
= axa^ (/„ <g> fp)T r (e\ ® ea,) 



and so 
(3.5) 



= 2J f v m B {ex <8> (id s <8> / |i )A B (e ta) )) 

= 2J Um B (e\ ® e M ) 
aga 

= axa^Nx^ f„e u 



= oixa^N^dimgiu) 



aga 



dim 9 (^)a A1 a l/ = a M ^ N Xfi a x . 



AGA 



Note that JVj[- = dimijHomg(A ® //, 1) = dimk Homg(A, jti*) = <5a,^i v for all A, fj, G 
A. Hence (|3.5H gives that dim 9 (/i)a M a 1 = a^a^v = and so — a 1 dim 9 (/i) 
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whenever ^ 0, that is, a = a% X^AeA Q dim,j(A)eA- Finally, for any fi G A a , 

m B (a (g) e^) = a\ m B (e\ (g> e M ) 
AeA 

= E N X,n a * e " 

A.i/eA 

= E] dim g (/j,)a„e„ by (|3.5[) since a M 7^ 

i/eA 
= dim 9 (/x)a. 

Likewise, using the fact that Fi(a ® a) = a ® a, on gets that msfe/i ® a) = 
dim g (/z)a. □ 

By Lemma 13.31 determining resumes to find the subsets E of A for which 
J2\eE dim 9 (A)eA belongs to 1(B). In the next theorem, we show that among these 
subsets, there are those corresponding to monoidal subcategories of B. 

Theorem 3.4. Let T> be a full ribbon and abelian subcategory of B. Let Ap be a 

(finite) set of representatives of isomorphism classes of simple objects of "D '. We 
can suppose that Ap C A. Then X)agAt> dimq(A)e> G %(B). 

Remarks 3.5. [a]. We do not know if every element of 1(B) is of this form. 

[b] . In Section l3~51 we verify that XaeAu dim g (A)eA leads to the Reshetikhin- 
Turaev invariant defined with T>. 

[c] . When B is modular in the sense that the pairing uob ■ B ® B — > 1 defined in 
(|1.24|l is non-degenerate or, equivalently, that the ^-matrix [tr q (c^.\ o ca, m )]a,^gA 
is inversible, then X^agA dim 9 (A)eA is a two-sided integral of B (see |Ker97) l and 
so belongs to 1(B). Nevertheless, X^agA dim 9 (A)eA is not in general a two-sided 
integral of B. 

Proof of Theorem \S.J\ Firstly, since A^ = Ap and by Lemma l3.2f c). 

Sb(<*d) = E dim 9 (A)S , B (eA) = E dim,j(A v )eAv = ap. 

AeA D AeAx> 

Secondly, to show that F r (ap (g> ap) — ap ® ap, it suffices to show that, for any 
A G Ap, 

(3.6) T r (ap ® e x ) = ap <g> ex- 
Fix A G Ap. Let //, v G Ap and set n M „ = dimjj Horng^ eg) A, fx). Since 2? is a full 
subcategory of B and the pairing 

g ® / G Homg(^ ® A,/z) <g> Home(/z, 1/ ® A) i-» tr q (gf) G k 

is non-degenerate, there exist basis {/j*'" 1 1 < « < H^^} of Homg(fi,i/ ® A) and 
{<?f 1 1 < * < n M^I 01 Home(z/ ® A, /«) such that gj " ft'" = h,j id M for all 1 < 
z, j < n^ v . By Lemma 13. II we have that 

(3.7) E E 
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Let fj,,v £ At>. For any 1 < i < n^,,, set 

G?» = (id, ® evx){fr ® id A) : I* ® A* i/. 

Since (A% ev A , coev A ) is a right duality for A, we have that {F" ,fl 1 < i < ra^,,} is a 
basis for Homg(i/, // ® A*) and {G^ M 1 < i < n^ v } is a basis for Hom,g(/i ® A*, v). 
For any 1 < i,j < n M ,, since G^F^ 6 End,g(i/) and v is scalar, we have that 

dim,(i/) Gj'^F^ = tr q (G u ^F^) id, = tr,(^G^) id, 

= tr ?((.9f ® id A )(id, <g> coev A )(id, (gi ev\)(f? ,v ® id A )) id, 

= tr q (g? ' v ff ,v ) id, = tr^j id M ) id, 

= dim 9 (^) id,. 

Therefore, by Lemma \'3. II 

( 3 - 8 ) E E dim 9 (i/)^G^ = dim 9 ( M )id^A.. 

,GA 

Finally one gets l|3.6[l by the equalities depicted in Figure ED which follow from the 
dinaturality of j, the definition of tub and As, and equalities (|3.7|) and (|3.8|) . □ 

Recall that an object X of B is invertible if X* ® A is isomorphic to 1. 

Corrolary 3.6. Suppose that every simple object of B is invertible or, equivalently, 
that (A, (8>, 1) is a group. Then 1(B) is composed by the scalar multiples of uq = 
SasG dim g (A)e A , where G is any subgroup of A. 

Proof. Let G be a subgroup of A. The full abelian subcategory V of B generated 
by G is ribbon. Therefore, by Theorem 13.41 the element olq = /Cagg dim 9 (A)e A 
(and so its scalar multiples) belongs to 1(B). 

Conversely, let a = X^asA a Ae A € 1(B). If a = 0, then a — • a\. Suppose that 
q / 0. By Lemma [3.31 a = a.% J2\eA a dim g (A)e A where A Q = {A 6 A | a\ ^ 0}. 
Then 1 £ A„. Since every element of A is invertible, we have that N% = S^x^ 
for any X,fi, v £ A. Let fx, v 6 A Q . By using l|3.5|l . ^ dim 9 (^)a Al Q!, = a^a,®^ 
and so a,®^ ^ 0, that is, v ® /i v £ A a . Hence A Q is a subgroup of A. □ 

3.3. On the Reshetikhin-Turaev invariant. Let B be a finitely semisimple rib- 
bon Ik-category whose simple objects are scalar. Let A be a (finite) set of represen- 
tatives of isomorphism classes of simple objects containing 1. 

Set A± = J^AeA ^ A 1 dim g (A) 2 £ k, where v\ £ k is the (invertible) scalar denned 
by 0\ = ^a idA- Recall (see (Tur941 fBruOOaj ) that the Reshetikhin-Turaev invariant 
of 3-manifolds is well-defined when A + ^ ^ A_. Moreover, if L is a framed link 
in 5 3 , it is given by: 

n 

KT B (M L ) = A b + - {L) -" L AZ b - (L) E (n dim "( c (^))) F ( L ' c ) e k - 

cGCol(L) 3=1 

Here Col(L) is the set of functions c : {L\, . . . , L n } — » A, where L%, . . . ,L n are the 
components of L, and F(L,c) £ Endg(l) = k is the morphism represented by a 
plane diagram of L where the component Lj is colored with the object c(Lj). 

By Theorem 13.41 ag = X^AeA dim q (A)eA £ X(B), where e\ is defined as in 
Section IO 
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Figure 10. r r (ax> ® e\) — a v ®e\ 



Corrolary 3.7. Suppose that A± ^ 0. Then a B 6 J(B) norm and r B (M;a B ) = 
RTg(M) /or any 3-manifold M. 

Proof. We have that 

©±«B = dim <?( A ) cv A(idA* ® ^^coevA = X! «a ldim <?( A ) 2 = A ± ¥= 0- 

AeA AGA 

Therefore, since a B E 1(B), one gets that a B G Z(£) norm 

Let L = Li U • • • U L n be a framed link in S 3 . Let Tl be a n-special tangle 
such that L is isotopic Tl o (U_ ® • • • ® U_), where the ?th cup (with clockwise 
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orientation) corresponds to the component Li. Then, for any c 6 Col(L), 

F(L,c) = ^Tjro^^coevc^)®-- ■®j c (L„)Coev c(z , n )) = <l>T L o{e c(Ll) ®- ■ -®e c[Ln) ). 

Therefore 

n 

(j[dim q (c(L 3 )))F(L,X) 

cGCol(L) j=l 

= ° ( dim g( c (^i)) e c(L!) ® • • • ® dim 9 (c(L n ))e c(Lji )^ 

ceCol(L) 

= </>t l ° f dim g (Ai)e Al 8> • •• ® dim g (A„)e A „) 

AiGA A„eA 

= 4>t l o (as 8> • •• <8> ag). 

Hence 

n 

RT B (Af L ) = A b + -W-n L A -b-(L) (jJdim^XiL^FiLA), 

AeCol(L) j=l 

= {<d + a B ) b - {L) ~ nL {e-a B y b - (L) 4> Th o (a B ® • • • <8> a B ) 
= r B (M L ;a B ). 

□ 

3.4. Semisimplification of ribbon categories. Let C be a ribbon Ik-category. 
For any objects X, Y S C, recall that Negl c (AT, Y) denotes the Ik-space of negligible 
morphisms of C from X to Y (see Section rOjl . Let C s be the category whose objects 
are the same as in C, and whose morphisms are 

(3.9) Homes (X, Y) = Hom c (X, Y) /Negl c (X, Y) 

for any objets X, Y 6 C s . The composition, monoidal structure, braiding, twist, 
and duality of C s are induced by those of C. 

When C has finite-dimensional Horn's k-spaces, the category C s is a semisim- 
plc ribbon Ik-category, called the semisimplification of C, and the simple objects 
of C s are the indecomposable objects of C with non-zero quantum dimension, 
see jEruOObj . 

Let 7T : C -> C s be the functor defined by tt(X) = X and tt(/) = / + Negl c (X, Y) 
for any object X and any morphism / : X — ► Y in C. This is a surjective ribbon 
functor. Note that 7r is bijective on the objects. 

3.5. Kirby elements from semisimplification. Let C be a ribbon Ik-category 
which admits a coend (A, i) for the functor (|1.16() and whose Horn's spaces are 
finite-dimensional. Denote by C s the semisimplification of C and let tt : C — > C s be 
its associated surjective ribbon functor (see Section l3~l|) . 

Let B be a full ribbon and abelian subcategory of C s which admits finitely many 
isomorphism classes of simple objects, and whose simple objects are scalar. Let 
A be a (finite) set of representatives of isomorphism classes of simple objects of B 
containing 1. For any object X of C s , we denote by 7r _1 (X) the (unique) object of 
C such that ^(^{X)) = X. 

Let B = ©agaA* ® A. In particular, there exist morphisms p\ : B — > A* A and 
qx : A* ® A — > 5 of B such that ids = DagA *?aPa and pxQfi = idA*®A- For any 
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object X of £>, we let jx ■ X* ® X — * B as in (|3.r?|> . Recall that (B,j) is a coend 
for the functor (|1.16(l of B and that j\ = q\ for any A £ A (see Section . 

Since B is a full ribbon subcategory of C s and it is a ribbon functor, the objects 
£? and 7r(A) are Hopf algebra in C s . Set 

(3-10) ^ = ^7r(v-i (A) )p A 6Hom c »(S,7r(A)). 

AeA 

Lemma 3.8. (p : B —> tt(A) is a Hopf algebra morphism such that n(ix) = ipj-jr(x) 
for all object X of C with n(X) G B. 

Proof. Let X be an object of C such that tt(X) G B. Since B is semisimple, we 
can write tt(X) = ®keK^k> where if is a finite set and A& G A. Recall that 
3-k(X) = EfcGK 1X k (Qk ®Pk), where p k : ir(X) -> A fe and q k : X k ^ ir(X) are 
morphisms in £? such that id^x) = J2keK IkPk and p fe <ft = 5 k j id Afc . For any k G if, 
since 7r surjective, there exist morphisms P k ■ X — > 7r (A&) and Qfc : 7r _1 (Afc) — » X 
in C such that ir{Pk) — Pk and n(Qk) = qk- Then, using the dinaturality of i and 
since the functor tt is ribbon, 

fjrr(X) = ^2Y1 n ( i rr- 1 (X))P\q\ k ( l lk ® P*) 

AeAfce/f 

= X] 7r (*7T _1 (A))('?A; ^ Pk) 

AeA fceif 

A/s — A 

= E E *-(*, r - i (A)(Q*®-flo) 

AeA fee-R" 

Afc — A 

AeA keif 

A fc — A 

= 7r(ix)(id 7r (x)« ® ^ 9kPk ^ 

keK 

= 7r(ix)(id 7r (x)« ® id 7r ( X )) = 7r(ix). 

Let us verify that tp is a Hopf algebra morphism. For any objects X, 1" of a 
ribbon category, set 

/3 X = (evx ® id X ")(idx ® coev x -) : X X** 

and 

7^,r =(evA-* ®id(rg)X)*)(idx* <8> evy. ®id (F8 x)*) 

(idx w <8> coev r ®x) : AT* <g> Y* -=-> (Y ® X)*. 
Let A, G A. Set C7 = 7r -1 (A) and V = Tr" 1 ^). Then 

eiT(A)<Ph = K{e A iu) = 7r(ev(7) = ev A = e B j\, 

= n((iu <8> «c/)(id(7« <g> coev^ ® idy)) 

= (<pjx ® WA)(id A » ® coev A <g) id A ) = (</j <g> <p)A B j x , 



KIRBY ELEMENTS AND QUANTUM INVARIANTS 



25 



m 7r(A)(<A7A ® Wp) = ■n{m A {iu ® «v)) 

= 7r(iv®!7(7i7,y ® idy®f/)(id[/* <8> Ct7,v*®v)) 

and 

Therefore, since id B = 2 AeA JaPa, we get that e^^ip = £\b, A 7r(j4 )( y 9 = (tp®ip)A B , 
m Tr{A){ i P ® f) = f m B-: an d S^/aW = ^Sb- Finally, we conclude by remarking that 
<PVb = ipjt =w(h) =k(va) =V-k(a)- □ 

Corrolary 3.9. Let [3 G Homg(l,B) and a G Home (1, A) smc/i £/iai %{a) = <^/3. 

(a) If f3 £ then a G X(C) and Tc(L; a) = rg(L; /3) /or an?/ framed link L. 

(b) If /3 E I(B) noim , then a G Z(C) norm and r c (M;a) = r B (M;/3) /or any 
3-manifold M . 

Proof. This is an immediate consequence of Lemma 13.81 and Proposition 12. 71 □ 
Remark 3.10. By Corollary 13. 91 we have that 

\Jn- l (ip B (X(B))) CI(C) and |J vr" 1 (^(J(S) norm )) C Z(C) norm , 

B B 

where £> runs over (equivalence classes of) finitely semisimple full ribbon and abelian 
subcategories of C s whose simple objects are scalar, and is the morphism (|3.1U|) 
corresponding to B. We will see in Section 0] that these inclusions may be strict 
(see Remark 14. 1211 . This means that the semisimplification process "lacks" some 
invariants. 

4. The case of categories of representations 

In this section, we focus on the case of the category rep ff of representations of 
a finite-dimensional ribbon Hopf algebra H. In particular, we describe T(rep H ) in 
purely algebraic terms. One of the interest of such a description is to avoid the 
representation theory of H , which may be of wild type. Moreover, we show that 
the 3-manifolds invariants obtained with these Kirby elements can be computed by 
using the Kauffman- Radford algorithm (even in the non-unimodular case). 

4.1. Finite-dimensional Hopf algebras. All considered algebras are supposed 
to be over the field k. 

Let H be a finite-dimensional Hopf algebra. Recall that a left (resp. right) 
integral for H is an element A G H such that xA = e(x)A (resp. Ax = e(x)A) for 
all x G H. A left (resp. right) integral for H* is then an element A G H* such 
that xn\X(xf2)) — A(as) 1 (resp. X(xn\)xr2) = A(ar) 1) for all x G H. Since H is 
finite-dimensional, the space of left (resp. right) integrals for H is one-dimensional, 
and there always exist non-zero right integral A for H * and a non-zero left integral 
A for H such t hat A (A) = A(S(A)) = 1, see |Rad90l Proposition 3]. 

By |Rad94bl Corollary 2], the space H* endowed with the right ii-action defined, 
for any / G H* and h,x G H, by 

(4.1) (f-h,x) = (f,hx), 
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is a free ii-module of rank 1 with basis every non-zero right integral A for H*. 
Likewise, H endowed with the right i/*-action <— defined, for any / G H* and 
x G H, by 

(4.2) x ^ f = f(x {1) )x i2 ), 

is a free iJ ""-module of rank 1 with basis 5(A), where A is a non-zero left integral 
for H. 

Lemma 4.1. Let X be a right integral for H* and A be a left integral for H such 
that A(A) = A(5(A)) = 1. Let a G H and f G H*. Then 

(a) a = A(aA (1) )5(A (2) ) = A(5(A (2) )a) A (1) . 

(b) / = A • a if and only if a = (/ ® 5)A(A). 

Proof. Let us prove Part (a). Since A is a right integral for H* and A is a left 
integral for H such that A(A) = 1, we have that 

A(aA (1) )5(A (2) ) = A(a (1) A (1) )a (2) A (2) 5(A (3) ) 
= A(a (1) A (1) )a (2) e(A (2) ) 
= A(a (1) A)a (2) 
= A(A)e(a (1) )a (2) 
= a. 

The second equality of Part (a) can be proved similarly (by using the facts that A 
is a right integral for H* and 5(A) is a right integral for H such that A(5(A)) = 1). 
Let us prove Part (b). If / = A • a then, by Part (a), 

a = A(aA (1) ) 5(A (2) ) = /(A (1) ) 5(A (2) ) = (/ ® 5)A(A). 

Conversely, if a = (/ <8> 5)A(A) then, by Part (a), 

X(ax) = A(/(A (1) )5(A (2) )ar) = /(A(5(A (2) )x)A (1) ) = f(x) 

for all x G H , and so / = A • a. □ 

Recall that an element h G H is grouplike if A (g) = g®g and e(g) — 1. We denote 
by G{H) the space of grouplike elements of if. Recall (see lAbeSOj 1 ) that there exist 
a unique grouplike element g of H such that X(x^)) = A(x) 3 for any x <E H and 
any right integral A G H*, and a unique grouplikc element v G G(H* ) = Alg(H, k) 
such that Ax = ^(x)A for any x € H and any left integral A G H. The element 
g G H (resp. v G H*) is called the distinguished grouplike element of -ff (resp. 
of H* ) . The Hopf algebra H is said to be unimodular if its integrals are to sided, 
that is, if v = e. 

By |Rad94b| Theorem 3] and fRa diJ lbl Proposition 3] , right integrals for H * and 
distinguished grouplike elements of H and H* are related by: 



(4.3) X(xy) = X(S 2 {y ^ v)x) = X((S 2 (y) v)x) for all x,yeH, 

(4.4) A(5(;c)) = Hgx) for all x G H. 
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4.2. Quasitriangular Hopf algebras. Following (Dri90j . a Hopf algebra H is 
quasitriangular if it is endowed with an invertible element R G H <g> H (the R-ma- 
trix) such that, for any x G H, 

(4.5) RA(x) = aA{x)R, 

(4.6) (id H ® A)(i?) =Ri 3 R 12 , 

(4.7) (A®id ff )0R) =R 13 R 23 - 

where cr: H <S> H ^ H <E> H denotes the usual flip map. The i?-matrix verifies: 

(4.8) (e®id H )(R) = (id H ® e)(R) = 1, 

(4.9) (5 ® id H )(ii) = iT 1 = (id H <8 

(4.10) R23R13R12 = Ri2RnR23- 

The Drinfeld element u associated to R is u = m(S <S> id#)cr(i?) G i? . It is 
invertible and verifies: 

(4.11) u~ l =m(id H ®S 2 ){R2i), 

(4.12) S 2 (x) = uxu- 1 for all x eH, 

(4.13) A(u) = (R 21 R)- 1 {u ® u), 

(4.14) e(u) = 1. 

Let H be a finite-dimensional quasitriangular Hopf algebra and let v G H* be 
the distinguished grouplike element of H* . Set h u = (id H ® G if. By (|4.7|) 

and 14.8|l . /i„ is grouplike. 



4.3. Ribbon Hopf algebras. Following RT91 , a ribbon Hopf algebra is a qua- 
sitriangular Hopf algebra H endowed with an invertible element 6 G H (the twist) 
such that: 

(4.15) 8 is central, 

(4.16) S{9) = 9, 

(4.17) A(0) = (6 ® flJifciiZ. 
The twist verifies: 

(4.18) £(0!) = 1, 

(4.19) IT 2 = u5(u) = S(u)u. 
Set G = 9u G i? . Then G is grouplike and verifies: 

(4.20) S{u) = G^uG- 1 , 

(4.21) S 2 (x) = GxG- 1 . 

The element G is called the special grouplike element of i/. 

By Rad92 , Theorem 2] and (|4.20|) , the special grouplike element G of a finite- 
dimensional ribbon Hopf algebra H is related to the distinguished grouplike element 
g of H and to h v = (id# ® G G(ff) by 

(4.22) g = G 2 h v . 
Relations (|4.4(l and l|4.22|l imply that 

(4.23) HS(x)) = \{G 2 Kx) for all x G H. 



28 



ALEXIS VIRELIZIER 



4.4. Category of representations of a ribbon Hopf algebra. Let H be a 

ribbon Hopf algebra with i?-matrix R and twist 9. Denote by rep H the Ik-category 
of finite-dimensional left H- modules and //-linear homomorphisms. The category 
rep ff is a monoidal k-category with tensor product and unit object defined in the 
usual way using the comultiplication and counit of H. The category rep H posses a 
left duality: for any module M £ rep H , set M* — Hom^M, Ik), where h £ H acts 
as the transpose of a; £ M i— > S(h)x £ M. The duality morphism evj; : M* ®M^> 
1 = k is the evaluation pairing and, if {ek)k is a basis of M with dual basis (ejjl)fc, 
then coev(lt) = J2k e & ® e t- The category rep H is braided: for modules A/, N £ 
repjy, the braiding cm,n ■ M<£> N — > N ®M is the composition of multiplication by 
R and the flip map (Tm,n ■ M<g)N — > N®M. The category rep^ is ribbon: for any 
module M £ iep H , the twist 0m : M — > M is the multiplication by 6*. Recall, see 
(|1.9(l and l|1.10(l . that rcp H posses a right duality M £ rep ff i— > (M* , evM, coevjvf)- 
Finally, the k-category rep H is pure, that is, End rePjf (k) = k. Hence iep H is a 
ribbon k-category in the sense of Section 11.21 

Lemma 4.2. Let G be the special grouplike element of H and M be a finite- 
dimensional left H-module. Then, 

(a) eviu(m <8> /) = f(Gm) for any f £ M* and m £ M. 

(b) coevM = (idjw* ® G~Hd M )<tm,m* coev M - 

Proof. Write i? = £. a* (g) 6,;. Recall that it = £. S(bi)a,i. Then 
ev M (m (g> /) = evju c m ,m* (#m ® id M *)( TO ® /) 

= f(u9m) = f(Gm). 

Let (efc)fe be a basis of M and (e£)fc be its dual basis. Note that if <? is any k-linear 
endomorphism of M, then £ fc g*(e%) ® = £ fe e£ ® <7(efc). For any h £ i/, denote 
by the k-linear endomorphism of M defined by m £ M i— ► ftm £ M. By (|4.9(l 
and idim, we have that = £ S(oi) (8 h and = £\ b l S 2 {a i ). Then 

coevM(lk) = (idjvf* ® M 1 )(cM*,Jw) _1 coevM(lk) 

= £, (i<W. ® P^M) (E fe P(^ 2 (a,))*(eD ® e fc ) 
= Ei(idM* ® P^- 1 ^)) ® p(S 2 K))(e fe )) 

= (idjvf* ® p(fi ,_1 u _1 ))CTM,Af*coevM(lfe) 
= (id M « ® p(G _1 ))crM,Af*coev M (lfc) 
= (id M « ® G _1 id M )o'M,M* coev M(lfe)- 
This completes the proof of the lemma. □ 

We immediately deduce from Lemma 14 . 21 that . in the category repjj, we have 

tr,(/) = Tr(G/) = Tr(G -1 /), 

dimg(M) = Tr(Gid M ) = Tr(G-Hd M ), 

for all module M £ rep ff and all //-linear endomorphism / of M, where Tr denotes 
the usual trace of k-linear endomorphisms. 
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4.5. Braided Hopf algebra associated to ribbon Hopf algebras. Let H be 

a finite-dimensional ribbon Hopf algebra. The ribbon k-category rep ff of finite- 
dimensional left H- modules posses a coend (A, i) for the functor (|l.lt)|) . More 
precisely, A = H* = Homifff, k) as a k-space and is endowed with the coadjoint 
left iJ-action > given, for any / 6 A and h,x £ H, by 

(4.24) (h>f,x) = (f,S(h (1) )xh (2) ), 

where (, } denotes the usual pairing between a k-space and its dual. Given a module 
M S rep ff , the map im • M* (g> M — » A is given by 

(4.25) {im(1 <8> m),x) = (l,xm), 
for all Z e M*, m E M, and x E H. 

Lemma 4.3. If ^ is a dinatural transformation from the functor (|1 . 1 f>|> ofrep H to 
a module Z € rep ff , then the (unique) morphism r : A — > Z such that £m = r o i M 
for all M E rep H is given by f E A = H* ^ r(f) = <8 Iff). 

Recall (see Section ll.6f) that A is a Hopf algebra in iep H . Using Lemma [4.31 
the structural morphisms of A can be explicitly described in terms of the structure 
maps of the Hopf algebra H. Nevertheless, it is more convenient to write down 
its pre-dual structural morphisms: for example, since A = H* as a k-space and H 
is finite-dimensional, the pre-dual of the multiplication vtla ■ A ® A — > A of A is 
a morphism A Bd : H — > H ® H such that (A Bd )* = rriA- That yields a k-space 
H Bd = endowed with a comultiplication A Bd : # Bd -> i7 Bd ® if Bd , a counit 
£ Bd . ^Bd _> k) a unit r/ Bd . k ^Bd^ a mu itipli ca tion m Bd : H Bd <g> ff Bd -> ff Bd , 
and an antipode 5 Bd : _ff Bd — » _ff Bd . These structure maps, described in the 
following lemma, verify the same axioms as those of a Hopf algebra except that the 
usual flip maps are replaced by the braiding of rep^ . The space H Bd is called the 
braided Hopf algebra associated to H, see |Maj93| |Lyu95bj . 

Lemma 4.4 (cf. |Lyu95a| ). The braided Hopf algebra H Bd associated to H can be 
described as follows : 

• H Bd = H as an algebra; 

• A Bd (ir) = J2 t x (2)a t <S> S(b l(1) )x (1) b l{2 ) = J2 t s (®i(i)) x (i) a i(2) <g) S(bi)x (2 ), 
. e Bd = e; 

• S Bd {x) = £ 4 S(ai)9 2 S(x)ubi = Ei S(a i )S(x)S(u)- 1 b i , 

for any x E H , where R = Ej a % ® °i * s the R-matrix, u the Drinfeld element, and 
9 the twist of H . 

4.6. Kirby elements of ribbon Hopf algebras. Throughout this section, H 
will denote a finite-dimensional ribbon Hopf algebra with i?-matrix R E H ® H 
and twist 9 E H . Let u E H be the Drinfeld element of H, G = 9u be the special 
grouplike element of H, A E H* be a non-zero right integral for H* , A E H be 
a non-zero left integral for H such that A(A) = A(S(A)) = 1, g 6 G(H) be the 
distinguished grouplike element of H, v E G(H*) = Alg(£f, k) be the distinguished 
grouplike element of H* , and h u = (idjy (g> f)(i?) S G(H). Let (^4,i) be the coend 
for the functor l|1.16fl of rep ff , and let H Bd be the braided Hopf algebra associated 
to H . Recall that A — H* endowed with the coadjoint left 7J-action [> and that 
A is a Hopf algebra in the category repjj whose structure maps are dual to those 
of H Bd . Recall that ■ denotes the right action of H on H* defined in (|4.1(l and 
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denotes the right _ff*-action on H defined in 1)4.2(1 . 
Set: 

^{H ^Hom k (k,iP) t \H ->H 

[ z i— > 2 = (a i—* aA • z) ' 1 z i— > T{z) — (S(z) v)h v ' 

and 

-^Hom k (ff*® n ,k) 

V>X = (A ® • • • ® /n ^ (A ® • • • ® /n,^» ' 

Denote by < be the right action of H on iJ® n given by 

(xi <g> • • • ® X„) < /l = S(h^))xih (2 ) <g) • • • ® S'(/l(2n-l))^n^(2n) 

for any h £ H and xi, . . . , x n £ if . Set 

L(H) = {z £ H | (x ^)z = zx for any x G if}, 
iV(if) = {ze L(i?) | A(za) = for any a £ Z(H)}, 
V n (H) = {X £ H® n \X<h = e(h)X for any h £ H}. 

Note that if H is unimodular, then L(H) = Z(H) and T(z) = S(z) for all z £ H. 
By the definition of L(H) and by l|4.'l|l . we have that 

(4.26) X(zxy) = X(zS 2 (y)x) 
for all z £ L(H) and x,y £ H . 

Lemma 4.5. (a) The map <fi is an ^.-isomorphism with inverse given by: 
a £ Hom k (k, H*) h-> ^ x (a) = (a(l k ) ® S)A(A) £ H. 

(b) The map <fi induces a k- isomorphism between L(H) and Hom rGPjj (k, A) . 

(c) The map <p induces a k-isomorphism between N(H) and Negl rep ^ (k, A) . 

(d) The map tp induces ah- isomorphism between V n (H) and Hom repjf (^4® n , k) . 

(e) V 1 (H)=Z(H). 

Remark 4.6. In Appendix EI we use the space L{H) and the morphism T, de- 
fined from topological considerations, to parameterize all the traces of a finite- 
dimensional ribbon Hopf algebra H. 

Proof. Let us prove Part (a). Since (H*, •) is a free right iJ-module of rank 1 with 
basis A, 4> is an isomorphism. The expression of follows from Lemma 14. If b). 

Let us prove Part (b). Let z £ H . We have to show that z £ L(H) if and only 
if 4> z is iJ-linear. Suppose that (j) z is iJ-linear. For all a,h £ H, 

e(h) X(za) = (eiS-^h)) z (l k ), a) = (S-\h) > 0,(l k ), a) 

= Xizh^aS- 1 ^)) = XiS^S- 1 ^) - v)zh (2) a) by 

and so, since (H* , •) is a free right fi-module of rank 1 with basis A, 

(4.27) e(h)z = S 2 (S-\h {1) ) - v)zh (2) = v-\h (2) ) S(h {1) )zh {3) 
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for all h G H. Hence, for any x G H, 

(x <— V)z = V{X(1)) X( 2 )Z = v(x^))x[p 1 )e{x[3))z 

= v~ 1 ( x (±)) x (2)S(x (3) )zx {5) by 14.2711 

= e(x(x))zx(2) = zx, 
and so z € L(H). Conversely, suppose that z G L(H). Then, for any x,h G H, 
X(zS(h {1) )xh {2) ) = X(zS 2 (h {2) )S(h (1) )x) by 

= X(zS(hinS(h(2)))x) = e(h) X{zx), 

and so <p z is ff-linear. 

Let us prove Part (d). Note that ip is an isomorphism since H is finite-dimensional. 
Let X G H® n . For all h G F and / x , . . . , /„ G H* , 

fe(/i>(/i®--® /n)) = {h®---®f n ,X< h) 

and 

= (h®---®f n ,e{h)X). 

Therefore ipx is -ff-linear if and only if X G V n (H) . 
Let us prove Part (e). Let a G Z(H). For all h G if, 

a<h = S(hm)ah(2) = S(hn\)h(2)a = e(h) a 

and so a G Vi(-ff). Conversely, let a G Vi(ff). For all x G ff, 

= x {1) e{x {2) )a = x {1) (a < x {2) ) = x^S(x(2))ax^ = e(x {1) )ax {2) = ax, 

and so a G Z{H). 

Finally, let us prove Part (c). Let z G L(H). Since End repjf (k) = k, we have 
that <j> z is negligible if and only if ij] a (f) z — \(za) = for all a G Vi(ff) = Z(H), 
that is, if and only if z € N(H). □ 

Lemma 4.7. (a) L(H) is a commutative algebra with product * defined by 

X * Z — X(xS(Z(2))) Z(i) = \(zS(x(2))) 

= A(z(i ) 5 , ^ 1 (a;)) z {2) = A(x (1) S , ~ 1 (z)) x (2) 

for any x, z G L(H), and with S(A) as unit element. 

(b) For any z G L(H), Sa 4>z — 4>t(z)> where Sa denotes the antipode of the 
categorical Hopf algebra A. 

(c) T induces on L(H) an involutory algebra-automorphism, that is, 

T{x*z) = T{x)*T(z), T{S{A)) = 5(A), and T 2 (x)=x 
for all x, z G L(H). 

Proof. Let us prove Part (a). Since A is a Hopf algebra in rep ff , the space 
Hom rePii (k, A) is an algebra for the convolution product a*[3 = mA{ct®(3) and with 
unit element r/A- This algebra structure transports to L{H) via the k-isomorphism 
<j> : L(H) -> Hom rcPff (k,A). Let x,z G L(-ff). Then 

x * z = (f)~ X ^> x * 4> z ) = (j)~ 1 (m A {4>x ® 4>e)) 

(8> z )(l k ), A(i)) S(A (2 )) by LcmmaEHa) 
= <A-z®A-z,A Bd (A (1) ))S(A (2) ) 
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Write R = £) 4 a% <S> h- By using Lemma EH l|4.8j) and l|4.26j) . we have that 
x * z = X^-M^A^)^) A(z5(fe i (i))A (1) 6 i (2)) 5*0(3)) 

= £ 4 A(xA (2)ai ) A(z5 2 (6. i(2) )5(6. i(1) )A (1) ) S(A (3) ) 
= E 2 A(z A (2)a*£(^)) A(zA (1) ) S(A (3) ), 

that is, 

(4.28) x * z = A(xA (2) ) A(zA (1) ) S(A (3) ). 
Likewise 

x * z = J2iH xS ( a i(i))^(i) a i(2)) HzS{bi)A {2) ) 5(A (3) ) 

= E J A(x5 2 (a l(2) )5(a l(1) )A (1) ) A(z5(6i)A( 2 )) S(A {3) ) 
= EiA(a:A (1) ) A(zS(e( fll ) 6,)A (2) ) S(A (3) ), 

that is, 

(4.29) x * z = A(zA (1) ) A(zA (2) ) S*(A (3) ). 
Now, by Lemma E^a), 

(4.30) « = A(2A (1) )S(A (2) ), 

(4.31) a: = A(xA (1) )5(A (2) ), 
so that 

(4.32) ® S'- 1 (z (2) ) = A(zA (1) ) 5(A (3) ) ® A (2) 

(4.33) x {1) ® S _1 (£(2)) = A(xA (1) ) 5(A( 3) ) ® A (2) . 
Hence 

x*«= A(afA(2))A(«A(i ) )S , (A(a ) ) by g2BJ| 
= A(^- 1 (z (2) ))^ (1) by 623 
= X(xS(z {2) )) z {1) byJUIl, 

a;*z = A(zA (1) )A(a:A (2) )S(A ( 3 ) ) bv M 
= A ( zA (i)) A(x ( i) A (2 )) X( 2 )A (3) S , (A ( 4 ) ) 
= A(a: (1) 5- 1 (2))a:(2) by O, 

a;*z = A(arA (1) )A(zA (2) )5(A (3) ) by 623 
= \(zS-\x(2)))x ( i ) by 

= A^s^a)))^!) by 62a, 

and 

a;*z = A(arA (1) )A(zA (2) )S(A (3) ) by 623> 

= A(xA (1) ) A(z (1) A (2) ) z (2) A (3) S , (A (4) ) 

= A(z (1) 5- 1 (a;))z (2) by JOT). 

Note that these expressions of the product of L(H) show that L(H) is commutative. 
Moreover, by Lemma^^a), the unit element of L(H) is 

^\va) = (va(1) S)A(A) = (e ® S)A(A) = 5(A). 
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Let us prove Part (b). Let z G L(H). Write R — a, ® 6,. For any x G H, 

(S A <f> z (l k ),x) = (X-z,S Bd (x)) 

= T Jl K z S(a i )9 2 S(x)ub l ) by Lemma ELU 

= E l H z S 2 (u)S 2 (h l )S(a l )9 2 S(x)) by g^Sl 

= A(zu 2 2 S'(a;)) since S 2 (u) = u and (5 <g> S)(J?) = i? 

= X(zG 2 S(x)) = A((G 2 ^ v)zS(x)) = v(G 2 ) X(G 2 zS(x)) 

= v{G 2 ) \{G 2 h v xS- 1 {z)G- 2 ) by Oil 

= KG 2 ) -M(G~ 2 ^ ^/i^r 1 ^)) by E3J) 

= v{G 2 ) v(G~ 2 ) X(h u xS- 1 (z)) 

= X((S(z) <- v)h v x) by |@3J 

= A(T(z)a;) = (0 T(z) (l k ), x), 

that is = (I>t(z)- 

Let us prove Part (c). Let z € L(H). Firstly T(z) G £(-ff) since </>t(z) = SU^z 
is i?-linear. Moreover, since S\ = 9 a and the twist of rep ff is natural and verify 
9k = idt, we have that 

t 2 (z) = r\<t>TH Z )) = r^si^) = r 1 {9 A cp z ) = = = z. 

For any a;, z G L(H), 

<t>T{x*z) = Sa4>x*z = Sa{4>x * 4>z) = S A mA((t)x <8> 4> z ) 

= m A {S A <8 S a )ca,a(4>x ® <Az) = m A {S A ® S A )(<t>z ® <t>x)ck,k 

= 171a(Sa<Pz ® 5a0x) = 0T(z) * 0T(a:) = 0T( z )*T(£c) 

and so T(a; * z) = T(z) * T(x) = T(x) * T(z). Finally T(S(A)) = 5(A) since 
0t(s(a)) = Sa4>s(a) = Sava =Va = &s(A)- D 

In the next theorem, we describe the sets X(rep ff ) and I(rep H ) norm in algebraic 
terms. Set 

(4.34) l(H) = 0- 1 (l(rep H )) and X(i/) nOTm = r 1 ^^) 110 ™), 

where <f> : L(H) Hom rcPff (fc, A) is as in Lemmal4"5l Note that I(H) no " n C 
It follows from (|2.3|l that 

kJ(H) + N(H) C X(if) and k*I(H) noim + N(H) C I(H) noim . 

Since ^ 6 X(rep i? ) norm and by Lemma f4. 71 the right integral 5(A) for H belongs 
to 2(H) and 2(H) noim . 

Theorem 4.8. 2(H) is constituted by the element z S L(H) verifying 

(a) T(z) -ze N(H), that is, X(T(z)a) = X(za) for all a € Z(H); 

( b ) Y,2^( zx i(i))H zx i(2)yi) = Ei A ( za; j) A ( z ^) / or a ^ ^ = Li ^ ® y» £ ^(ff). 

In particular, 2(H) contains the elements z G L(H) satisfying T(z) = z and 
A(za;(i))za;(2) = A(zx)z /or aZZ x G H. Moreover, an element z G 1(H) belongs 
to 2(H) noim if and only if X(z9) ± ^ A(z6>- 1 ). 

Note that the sets 1(H) and I(ff ) norm do not depend on the choice of the non- 
zero right integral A for H* . In Section [5] we give an example of determination of 
these sets for a family of non-unimodular ribbon Hopf algebras. 
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Proof. Let z G L(H). By Lemma I4.7f b). we have that Sa4>z — 4>t(z)- Therefore, 
using Lemma l4~5T c s | , we get that Sa4>z — 4>z G Negl rep (k, A) if and only if T(z) — z G 
N(H) , that is, if and only if \(T(z)a) = X(za) for all a G Z(-ff). Note that this 
last property is in particular satisfied when T(z) = z. 

Since End repH (k) = k, the morphism T r ((f> z ® <j) z ) — <j) z ® 4> z : k — » ^4 ® y4 is 
negligible if and only if Go(r r ((/) z (g)^) z )—</) z (g)(/) z ) = for any G G Hom repH (^4(g)^4, k). 
By Lemma l43T d) . this is equivalent to i>x(T r (4>z ® 0«) — <Pz ® <As) = for all 
X G Va(-ff)- Now, writing i? = ^ aj ® 6, and using Lemma l4~4l we have that for 
any x,y E H. 

(r r (0 z ®0»)(l k ),iB®y) 

= ((»a ® idA)(id^ <8> A^)(A ■ z <® X ■ z),x ® y) 

= ((id A ® A A )(A-z® A • z), A Bd (a;) (g>y) 

= A j4 )(A-z«)A-z),S'(a l ( 1 ))a;(i)a l (2) <8> S(bi)x(2) <8>y) 

= E t (^ z ®^ z . 5'(«i(i))a;(i)ai(2) ® S(bi)x( 2 )y) 

= E l A ( z5 '( a i(i)) a; (i) a »(2)) X{zS(bi)x( 2 )y) 

= J2iH zS2 ( a i(2))S(a im )x w ) X{zS{bi)x(2)y) bv l|4.26[) 

= A(2;5(e(a i )fe i )a;(2)?/) 

= A(ct (1) ) X(zx (2) y) by PJ). 

Therefore the morphism T r (cf> z ® (f) z ) — 4> z ® <t> z ■ k — * A ® ^4 is negligible if and only 
if A(ct,-(i)) A(za;j(2)2/i) = X(zxi)X(zyi) for all X = X) 2 ^ ® G T^(-ff). Note that 
this last property is in particular satisfied when \(zxn\) X(zX( 2 \y) = X(zx) X(zy) 
for all x,y G H, that is, since (i?*, •) is a free right ii-module of rank 1 with basis 
A, when X(zx^) zxm = X(zx) z for all x € H. 
Finally, by using Lemma 14.31 we have that: 

9±0 Z = ev H (id H » ® ^^(^(lt) ® = ev ff (A • z ® 6 ±r ) = A(z0 ±1 ). 

This completes the proof of the theorem. □ 

Corrolary 4.9. 1 G 1(H) if and only if H is unimodular. 

Proof. Suppose that H is unimodular. Therefore L(H) = Z(H) and T(z) = S(z) 
for all z G Z(H). In particular 1 G L(H) and T(l) = 1. Moreover, A(a:(i))a;(2) = 
A(a;)l for all x G H (since A is a right integral for H*). Hence 1 G 1(H) by 
Theorem PI 

Conversely, suppose that 1 G 1(H). In particular 1 G L(H) and so z v = z 
for all z G H . Therefore e(z) — e(z v) = v(z(x\)e(z( 2 \) = v(z) for all z G H, that 
is, H is unimodular. □ 

4.7. Elements elements from semisimplification. Let H be a finite-dimen- 
sional ribbon Hopf algebra. Let (A, i) be the coend of the functor of rep H 
(as in Section 14. 5|) . Denote by repf^ the semisimplification of rep^ and by n its 
associated surjective ribbon functor iep H — > rep s H (see Section l3~4ll . Let <f> : L(H) — > 
Hom IePH (k, A) be as is Section ETBl Set 



(4.35) 



B 



KIRBY ELEMENTS AND QUANTUM INVARIANTS 



35 



where B runs over (equivalence classes of) finitely semisimple full ribbon and abelian 
subcategories of repjy whose simple objects are scalar, and ipe is the morphism 
(I3.1U[1 corresponding to B. By Corollary 13. 91 we have that 

1{H) S cl{H). 

Note that this inclusion may be strict (see Remark 14.12(1 . 

Let V be a set of representatives of isomorphism classes of indecomposable finite- 
dimensional left if-modules with non-zero quantum dimension. Note that 7r(V) = 
{n(V) I V G V} is a set of representatives of isomorphism classes of simple objects of 
repjy. Let A be a non-zero right integral for H*. Since H* is a free right H- module 
with basis A (see Section l4~T)) . there exists a (unique) element zy G H such that 

(4.36) X(z v x) = Tr(G -1 aridv) 

for all x G H, where G is the special grouplike element of H . Recall that dim q (V) = 
Tr(G _1 idy) denotes the quantum dimension of V (see Lemma f4. 211 . 

Corrolary 4.10. (a) If z G I(H) S , then z = k XVew dim g (V) zy for some 
finite subset W of V and some scalar fc G Ik. 
(b) Let W be a (finite) set of representatives of isomorphism classes of simple 
objects of a full ribbon and abelian subcategory of rep s H . We can suppose 
that W C 7r(V). If the objects ofW are scalar, then 

J2 dim q {V) zy e 1(H) S . 

V r €7r- 1 (W) 

Proof. Let B be finitely semisimple full ribbon and abelian subcategory of repjj 
whose simple objects are scalar, and let (B,j) be the coend of the functor (|1.R)|) 
of B (as in Section l3~2")l . We can suppose that there exists a (finite) subset W 
of V such that ir(W) is a set of representatives of isomorphism classes of simple 
objects of B. Recall that B = (Bvew ^(V)* ® 7r (^)- ln particular, there exist 
morphisms py : B — > n(V)* ® 7r(F) and q v : ir(V)* (g) n(V) — > B of B such that 
ids = Y^vewlvPv a,ndp v q w = 6 v ,w ^(v)*<gm(V)- Recall that j v = q v for any 
V G VV. Let : L(ff) -> Hom rcPff (k, A) be as is Section Ol As in i jOty . we set 

= 7r(«yW G Hom rcp?f (B,tt(A)). 

Let V G W. Let (ej)j be a basis of V with dual basis (e*)j. By Lemma f4.2f b^ and 
114.25( 1 we have that 

(ivCOeVy(lk),x) = (iy(idy» ® G _1 idy) C7yy» COeVy(l k ), x) 

= Tr^G^idy) = T^G^^idy) 
= \{z v x) = (<j) Zv (l k ),x), 
for any x £ H, that is, zycoevy = (f> zv . Moreover, 

Trfy^COev^^yJ 

wew 

= 7r(ivc5evv) = n(<f> zv ). 
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Hence Part (a) follows from Lemma 13. 31 and Corollary 13. 9f a^). and Part (b) follows 
from Theorem 13 . 41 and Corollary 13. 9f a). □ 

Lemma 4.11. If H is not semisimple, then e(z) = for any z 6 X(H) S . 

Remark 4.12. When H is not semisimple, it is possible that 1(H) S £1 1(H). For 
example, if H is unimodular but not semisimple, then 1 G 1(H) (by Corollary 14. 91) 
and 1 $:1{H) S (by Lemma ETTTl since e(l) = 1). 

Proof. Let A be a left integral for H such that A(A) = 1. Since H is not semisimple, 
we have e(A) = (by jAbeSOl Theorem 3.3.2]) and A 2 = e(A)A = 0. Now, if 
M is a finite-dimensional left if-module, then (AidA/) 2 = A 2 idM = and so 
Tr(Aid Af ) = 0. Let z G 1(H) S . By Corollary ETTTI a). there exist k G k and a finite 
subset W of V such that z = kj^vew diniq(V') zy ■ Then 

A(*A) = k dim g (y)Tr(G- 1 Aid y ) = k ^ dim q (V)e(G~ 1 ) Tr(A idy) = 0. 
vew vew 
Hence s(z) = e(z)X(A) = A(e(z)A) = A(zA) =0. □ 

Recall (see |CR62| 1 that k is a splitting field for a k-algebra A if every simple 
finite dimensional left A-module is scalar. Note that this is always the case if k is 
algebraically closed. 

Corrolary 4.13. If H is semisimple andk is a splitting field for H , then T(H) e = 
I{H) and this set is composed by elements z 6 Z(H) satisfying S{z) = z and 
\(zX(W)zX(2) — X(zx)z for all x G H . 

Proof. Since H is semisimple and finite-dimensional, we have that rep|^ = rep^ and 
that V finite. Moreover, since k is a splitting field for a H , every V G V is scalar. 
Then 1(H) = ^(X^epjj)) C 1(H) S and so 1(H) S = 1(H). Moreover, since H is 
unimodular (because it is semisimple), we have that L(H) — Z(H), N(H) = 0, and 
T(x) — S(x) for all x € H (see Section Therefore, by using Theorem 14. 81 we 
get that z G 1(H) if and only if z G Z(H), S(z) — z, and \(zxn\)zx(2) — X(zx)z 
for all x G H. □ 

Proposition 4.14. Suppose that H is semisimple, thatk. is of characteristic 0, and 
thatk. is a splitting field for H . ThenZ(H) = Q) VeV kzy and ^2 V eV drni q (V) zy G 
k*l. 

Proof. Note that H is cosemisimple since any finite-dimensional semisimple Hopf 
algebra over a field of characteristic is cosemisimple (see |LR88I Theorem 3.3]). 
Then S 2 = id H by [LR871 Theorem 4] and A(l) ^ by |Abe80l Theorem 3.3.2]. 

Note that V is finite (since H is finite-dimensional). By |CR62I Theorem 25. iO], 
any simple left ideal of H is isomorphic (as a left -module) to a (unique) element 
of V. For any V £ V, let Hy C H be the sum of all the simple left ideals of H which 
are isomorphic to V. By CR62] Theorem 25.15], Hy is a two-sided ideal of H, 
Hy is simple k-algebra (the operations being those induced by H), ByB\y = for 
V 7^ W G V, H — 0y gV Hy, and H is isomorphic (as an algebra) to Ilyev ^v- 
Moreover, if ey denotes the unit of Hy, then 1 = J2vev ev > = Hey, and 
eyew = $v,w e v for all V, W G V. By CR62, Theorem 26.4], since Hy is a simple 
k-algebra, V is a simple left f/y-module, and End_sr v (V) = k (because V is a scalar 
iJ-module), we have that Hy is isomorphic (as an algebra) to Endk(F) and that 
dimk(V r ) is the number of simple left ideals appearing in a direct sum decomposition 
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of ify as such a sum. Then Z(Hy) = key (since Z(Endk(V)) = kidy) and so 
Z(H) = (By g ykey. Moreover, for any x G if, we have that 

(4.37) Tr(xid ff ) = ^ Tr(.xid Hv ) = ]T dim k (V) Tr(a;idy). 

yev yev 

The map x G if i— > Tr((xid#) o S 1 ) G k is a rig ht integral for if* (by |Rad94bl 
Proposition 2(b)] applied to if op ). Therefore, since S 2 = id# and by the unique- 
ness of integrals, there exists k G k such that Tr(zid^) = k X(x) for all x G H. 
Evaluating with x = 1, we get that fc = dimjk(iJ)/A(l). Hence, by (|4.37|1 . 

(4.38) k X(x) = dim k (V) Tr(a; idy) 

vev 

for all x G if. 

Let V G V. By H4.21|l and since S 2 = id#, the special grouplike element G 
of if is central and so G _1 idy is if-linear. Therefore, since V is scalar and G is 
invertible, there exists a (unique) jv G k* such that G _1 idy = 7yidy. Since if and 
if* are semisimple and so unimodular, their special grouplike elements are trivial. 
Then G 2 = 1 by g23 and so 7v = 1. Hence, for all x € H, 

dim„(V)Tr(G- 1 xid y ) = Tr(G -1 id v ) TrfxCTHdv) 

(4.39) 

= 7yTr(idy) Tr(xidy) = dim k (V") Tr(x idy). 

For any x G if, we have that: 

A(dim g (V")zyx) = dim 9 (V)Tr(G" 1 a;idy) by j4"35|) 
= dim k (V) Tr(a;idy) by 

= X^VKev dim k (H / ) Tr(xey idw) since ey idiy = Sy,w idy 
= A(fce v a;) bv (|P3|) . 

and so dim g (V) zy = key (since if* is a free right if- module with basis A). 

Finally, since k — dimk(if)/A(l) ^ (because the characteristic of k is 0) and 
dim g (V) ^ (because rep H is semisimple, see Section l3~T|) . we get that Z(H) = 
yeV key = 0yg V kzy and XVev dim <?(^) z v = kJ2vev e v = kl€k*l. □ 

4.8. HKR-type invariants. Let if be a finite-dimensional ribbon Hopf algebra. 
We use notations of Section |4~BI 

By Theorem Eland Proposition ESI for any z G Z(if) norm , 

(4.40) r (HiZ) (M) = r roPff (M; (f> z ) G k 

is an invariant of 3- manifolds. Note that the choice of the normalisation in the defi- 
nition of T lePll (M; (f> z ) (see Proposition ^. 3|) implies that T(h,z) [M) does not depend 
on the choice of the non-zero right integral A for if* used to define T rop (M; </> z ). 
By Remarks ESJ for any z G X(ff) norm , we have that 

t { hM s3 ) = 1. t {HjZ) (M#M') = t (HjZ) (M) T iH>z) (M'), 

for all 3-manifolds M, M' . Moreover, if z G X(if) norm , n G N(H), and jfe G k*, then 
kz + n G X(if) norm and, for all 3-manifold M, 



(4.41) 



T(JJ,fe z +n) (M) = T {H , z) {M). 
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Definition 4.15. An invariant of closed 3-manifolds / with values in Ik is said to 
be of HKR-type if there exist a finite-dimensional ribbon Hopf algebra H (over k) 
and an element z £ I(H) noim such that I(M) = r (i3 - )Z )(M) for all 3-manifolds M. 

In Proposition ^. 181 we show that the Reshetikhin-Turaev invariants defined with 
premodular Hopf algebras are of HKR-type. 

Let us show that any HKR-type invariant can be computed by using the Kauffman- 
Radford algorithm (which is given in [rvR95 for the case H unimodular and for 
z = 1). Fix a finite-dimensional ribbon Hopf algebra H, a non-zero right integral A 
for H*, and an element z e l(H) noim . Let M be a 3-manifold and L = L x U • • ■ UL n 
be a framed link in S 3 such that M ~ Ml. Let us recall the Kauffman- Radford 
algorithm 1 : 

(A). Consider a diagram D of L (with blackboard framing). Each crossing of 
D is decorated with the i?-matrix R = J^. ® hi as in Figure ^2 The diagram 
obtained after this step is called the flat diagram of D. Note that the flat diagram 
of D is composed by n closed plane curves, each of them arising from a component 
of L. 




Figure 11. 

(B). On each component of the flat diagram of D, the algebraic decoration is 
concentrated in an arbitrary point (other than extrema and crossings) according to 
the rules of Figure ^1 where a, b G H . 




Figure 12. 

In that way we get an element J^k v i ® ' " * ® v n e H® n , where vf corresponds to 
the component of the flat diagram of D arising from Li, see Figure El 




Figure 13. 



^This corresponds to IKR95I applied with the opposite ribbon Hopf algebra H° p to H . 
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For 1 < i < n, let di be the Whitney degree of the flat diagram of Li obtained 
by traversing it upwards from the point where the algebraic decoration have been 
concentrated. The Whitney degree is the total turn of the tangent vector to the 
curve when one traverses it in the given direction, see Figure ITU 



O-' o 




d=-l vH d, = -2 



Figure 14. 



Proposition 4.16. 

T(h,z){M) = \{z6) b - {L ^ ni - \{z6- 1 )- b - (L '> ^\{zG dl+1 v k l ) ■ ■ ■ X(zG d " +1 v k ). 

k 

Proof. Choose an orientation for L. Let T be a n-special tangle such that L is iso- 
topic To(U_<X>- • -<g>U_), where the ith cup (with clockwise orientation) corresponds 
to the component Li. Let Dt be a diagram of T. Note that D — Dt o (U® • ■ ■ ® U) 
is a diagram of L. Apply steps (A) and (B) to Dt, see Figure Note that, in 
this case, di = — 1. 




Figure 15. 

From the definition of the monoidal structure, duality, braiding and twist of 
rcp H (see Section liT4*|l . it is not difficult to verify that, for any finite-dimensional 
left i?-modules Mi, . . . , M n , 

T{M x ,...,Mn) = 53 evMi ( id A/r ® v\ idMi) &>•••<& ev Af?i (id A f * ® u£id M J. 
k 

Then, by Lemma 14.31 

r rcPff (L; 4> z ) = (j)T o 0f " = 53 ev H ((t) z (l k ) g> u£) ® • • • ® ev H (<^(l k ) ® «>£) 

fe 

= J] A(«,*) • • ■ A(z^) = ^ A(zG dl +V) • ■ • X(zG d " +1 v k n ). 

k k 

Hence we get the results since @±<fr z = A(z0 ±1 ). □ 

Corrolary 4.17. Suppose that H is unimodular and X(9) ^ ^ X(9^ 1 ). Then 
1 G X{H) nmm and t/h,i)(M) is the Hennings-Kauffman-Radford invariant of 3- 
manifolds defined with the opposite ribbon Hopf algebra H op to H . 

Proof. This is an immediate consequence of Corollarv l4.9l Proposition ^ . 1 61 and the 
definition of the Hennings-Kauffman-Radford invariant given, e.g., in |KR95j . □ 
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4.9. Reshetikhin-Turaev from premodular Hopf algebras. Let (H, V) be a 

finite-dimensional premodular Hopf algebra. This means (see |Tur94| ) that H is 
a finite-dimensional ribbon Hopf algebra and V is a finite set of finite-dimensional 
pairwise non- isomorphic left H- modules such that: 

• each V £ V is non-negligible scalar; 

• the trivial left ii-module k belongs to V; 

• for any V £ V, there exists W £ V such that ~ W; 

• for any Vi W £ V, V ® W splits as a (finite) direct sum of certain modules 
of V (possibly with multiplicities) and a negligible ii-module. 

By negligible ii-module, we mean a finite-dimensional left ii-module N such that 
toq(f) — f° r an Y / G E n d rcPff (iV) or, equivalently, such that dim g (iV) = 0. 

Consider the semisimplification rep^ of rep ff (see Section EO}) and let 7r : rep H — > 
repf^ be the ribbon functor associated to this semisimplification. 

Let £>y be the full subcategory of repj^ whose objects are finite directs sums of 
objects of 7r(V) = {tt(V) | V £ V}. By the definition of a premodular Hopf algebra, 
we have that £>v is a full ribbon subcategory of repf^. Note that By is a finitely 
semisimple ribbon k-category whose simples objects are scalar and has 7r(V) as a 
(finite) set of representatives of isomorphism classes of simple objects. Recall that 
the Reshetikhin-Turaev invariant RTg v (M) of 3-manifolds is well-defined when 
A^ v / (see Section EHL 

Let A be a non-zero right integral for H* . For any V £ V, as in 1)4.36(1 . we let 
zy £ H such that X(zyx) = Tr(G _1 x idy) for all x £ H. Set 

(4.42) z v =J2dim q (V)z v , 

vev 

where dim q (V) = Tr(G _1 idy) is the quantum dimension of V. By Corollarv l4.10f b s l. 
we have that zy £ 3-{H) . 

Proposition 4.18. If A^ v ^ 0, then z v £ 2(H) DOlm and t [h , Zv) {M) = RT Bv (Ai) 
for all 3-manifold M . 

Note that Proposition 14.181 savs that the Reshetikhin-Turaev invariant defined 
from a premodular Hopf algebra is of HKR-type. 

Proof. Let (A,i) be the coend of the functor l|1.16|l of rep H (as in Section f4.5| l. 
let (B,j) be the coend of the functor l|1.16|) of £>y (as in Section l3~2*|) . Set ag v = 
^ yeV dim g (V r )j Tr (y)cbev 7r (v'). Suppose that A^ v ^ 0. By Corollary 13.71 we have 
that a Bv £ J(B v ) nmm and RT Bv (M) = T Bv (M;a Bv ) for all 3-manifold M. Set 
ifB v '■ B — » tt(A) as in l|3.1Q(l . As in the proof of Corollary 14. 101 we have that 
i"(0»v) = ■^f5 v J7 r (y)Coev w (y). Then tt(0 Zv ) = ipB v a Bv . Since a Bv £ I(B v ) aoim and 
7r(0a v ) = ipas v , Corollarv l3.9f b) gives that 4> Zv £ Z(rep ff ) norm and rg v (M; a Bv ) = 
r rcPff (M;0 Zv ) for all 3-manifold M. Hence z v £ l(H) norm and r (H>v) (M) = 
RT Bv (M) for all 3-manifold M. □ 

Note that if H is semisimple finite-dimensional ribbon Hopf algebra, k is a split- 
ting field for H, and V is a set of representatives of isomorphism classes of simple 
left ii-modules, then (H,V) is a premodular Hopf algebra and B\> = rep ff . 

Corrolary 4.19. Let H be a finite- dimensional semisimple ribbon Hopf algebra. 
Suppose that the base field k is of characteristic and is a splitting field for H . Then 
the Hennings-Kauffman-Radford invariant of 3-manifolds computed with H op and 
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the Reshetikhin- Turaev invariant of 3-manifolds computed with rep ff are simulta- 
neously well-defined (that is, A t ± Ph ^ if and only if 1 £ T(H) norm ). Moreover, 
if they are, then they coincide, that is, t^ h ^(M) = RT repjj (M) for all 3-manifold 
M. ' " 

Remark 4.20. Conclusions of Corollary 14.191 may be no more true when H is 
not semisimple (see Remark 14.120 . Moreover, in the modular case (in the sense of 
Remark l3.5|) . Corollary 14 . 1 91 was first shown in |Ker97| . 

Proof. By Proposition ^. 181 the Reshetikhin- Turaev invariant of 3-manifolds com- 
puted from rep ff is well-defined if zy = YlveV dim g (F) zy G X(H) norm and is 
equal to T( H zv y By Corollary 14. 171 the Hcnnings-Kauffman- Radford invariant of 
3-manifolds computed with H op is well-defined if 1 G T(H) noim and is equal to 
t (h.i)- Now, by Proposition 14.141 XVev dim g (V r ) zy — kl for some k G k*. We 
conclude by using 14.41f> . □ 

5. A NON-UNIMODULAR EXAMPLE 

Let us examine the case of family of non-unimodular ribbon Hopf algebras, de- 
fined by Radford |Rad94aj . which includes Sweedler's Hopf algebra. 

Let n be an odd positive integer and k be a field whose characteristic does not 
divide 2n. Let H n be the k-algebra generated by a and x with the following relations 

a 2n — 1, x 2 = 0, ax — —xa. 

The algebra H n is a Hopf algebra for the following structure maps: 

A(a) = a®a, A(x) = x <g> a n + 1 ® x, 

s(a) = 1, e(x) = 0, 

3(a) = a- 1 , S(x)=a n x. 

The set B = {a l x m | < I < 2n, < m < 1} is a basis for H n . The dual basis of B 
is {a k x r | < k < 2n, < r < 1}, where a k x n {a l x r ) = Si jk S m ,r- Set 

A = (l + a + a 2 H h a 2n ~ r )x and A = 'aFx. 

Then A is a left integral for H n and A is a right integral for H* such that A(A) = 
A(S'(A)) = 1. The distinguished grouplike element of H n is g — a n G G(H n ) and 
the distinguished grouplike element v G G(H*) = Alg(i7„,k) of H* is given by 
v(a) = — 1 and v(x) = 0. 

Suppose that k has a primitive 2n-root of unity uj. Let an odd integer 1 < s < 2n 
and (3 G k. Then 

R^ S ,B = ^- w~ a a! ® a sl + J- V w~ il a l x <g> a sl+n x 

' 2ti ^ 2ti ^ 

0<i,Z<2ra 0<i,2<2n 

is a i?-matrix for £f n and /i„ = (idjy n ® v)(Ru>.s.(i) = o, n . 

The set {e; = ^ X)o<i<2n LL, ~ lla% I < £ < 2n) is a basis of the algebra k[a) and 
verifies: 

eiej=5i i jei, 1 = e + he 2n -i, a % ej = u) %3 ej , 

e(e/)=5;,o, A(e/) = e l ® e/_i, 5(ej) = e_j. 

0<i<2n 
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Denote by x : k* — > k[a] the algebra homomorphism denned by 

a £ k* h- > x( a ) = ^ a ' e i- 
o<;<2n 

The quasitriangular Hopf algebra (if n , Rw^,^) is ribbon with twist = a"x( wS )- 
Note that 6 P = a pn x{u ps ) for any integer p. The special grouplike element of H n 
is then G = £ Q < i<2n (-l) ! e ' = 

Let T : H n -> ff n , L(H n ), N(H n ), V 2 (H n ), l{H n ), and Z(ff„) norm be as in 
Section l4"lfl It is not difficult to verify that 

T(a fc ) = (-lfa™^ and T(a fe x) = a~ k x for all < k < 2n, 

L(J? n ) = fen © kax © ■ • ■ © ka 2 " _1 a;, 

Z(iT n ) = kl © ka 2 © • • • © ka 2 "" 2 , 

iV(i?„) = kx © ka 2 x © • • • © ka 2 "- 2 :r = Z{H n )x, 

V 2 (H n ) = © k(a 2p ©a 2<J )© © k(a fe a; © a l x). 

0<P,q<n 0<k,K2n 

Let z £ L(H n ). Since a 2n = 1, we can write 2 = Efcez/2nz a k^ k x for some 
function a : Z/2nZ — > k. Using Theorem 14.81 we get that z E I{H n ) if and only if 

= ak and afcO!fc + i_ n = afcaj. 

for all fc, i odd. Let 71a: Z/nZ — > k defined by 7^ = a2fe+n- Since n is odd, we 
have that z — J2k£Z/nZ lka 2k+n x E N(H„). Then z E l(H n ) if and only if 

(5.1) 7_fe = 7fe and "fklk+i = Jkji- 

for all fc, L 

Suppose that z £ l(H n ) and z^O. Using i|5.1[l . we get that 7^70 = jkj-k — 7 2 
for all k. In particular, 70 7^ and 7^ = 70 whenever 7^ ^ 0. Set 

= min{l < k < n \~f k ^ 0} > 1. 

Note that 7^ = for all 1 < k < d and, by l|5.1ll . that -fk+d = 7fc for all k. The 
integer d divides n. Indeed, let r such that rd < n < rd + d. Then < n — rd < n 
and 7 n -rd = 7n = 7o 7^ 0. Therefore, by definition of d, we get that n — rd = 
and so d\n. Hence z = 7oZd + w, where w E N(H n ) and 

z d = J2 a 2dk+n x. 

Conversely, it is not difficult to verify that Zd E 2(H n ) whenever d divides n. 
Hence 

T{H n ) = \\{az d + w I a £ k and w £ N(H n )}. 

d\n 

Let d be an positive integer dividing n. For any a E k and w E N(H n ), we have 
that 

2d-l 

X((az d + w)9 ±1 ) = ^}2( ud ) 

k=0 

The sum of the right-hand sum of this equality is a Gauss sum which is non-zero if 
and only if the enhancement k E Z/2dZ 1— > ip(k) = zts^k 2 + nk £ Z/2dZ is tame, 
that is, t/>(ie) = for any x E Z/2dZ such that ip(x + y) = ip(x) + ip(y) for all 
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y G Z/2dZ, see |Tay| . Since n and s are odd, it is not difficult to verify that ip is 
tame. Therefore X((azd + w)9 ±1 ) ^ if and only if a ^ 0. Hence 

l{H n ) noim = \J{az d + w | a G k* and w G N(H n )}. 

d 1 71 

In conclusion, the ribbon Hopf algebra H n leads to D(n) HKR-type invariants 
of 3-manifolds, where D(n) denotes the number of positive divisors of n, which are 
T (H n ,z d ) where 1 < d < n and d\n. 

Note that H n is not unimodular (and so neither semisimple) since v ^ e. There- 
fore 1 ^ I(H n ) (by Corollarv l4.9|l . that is, the Hennings-Kauffman- Radford invari- 
ant is not defined for H n . Moreover, the categorical Hopf algebra A — H* of rep ffn 
does not possess any non-zero two-sided integral (since H n is not unimodular), and 
so the Lyubashenko invariant of 3-manifolds is not defined for rep^ . 

Appendix A. Traces on ribbon Hopf algebras 

Recall that a trace on a Hopf algebra H is a form t G H* such that t(xy) = t(yx) 
and t(S(x)) = t(x) for all x,y G H. 

Let H be a finite-dimensional ribbon Hopf algebra. Let A G H* be a non-zero 
right integral for H* , v G G{H*) = A\g(H, k) be the distinguished grouplike ele- 
ment of H* and G be the special grouplike element of H . Recall that • denotes the 
right action of H on H* defined in Q4.ip . that <<— denotes the right ff*-action on H 
defined in \A.'2\ . that L(H) denotes the k-subspace of H constituted by the elements 
z G H verifying (x v)z — zx for all x G H, and that T denotes the k-endomor- 
phism of H defined by z h-> T(z) = (S(z) ^- v)h v , where h v = (\A H ®v)(R) G G(H). 

In the next proposition, we give an algebraic description of the space of traces 
on H. 

Proposition A.l. The space {z G L(H) \ T(z) = z} is k-isomorphic to the space 
of traces on H via the map z i— v A • (zG). 

If H is unimodular, then L(H) = Z(H) and T = S, and so we recover the 
parameterization of traces on H given in jRad94hllHeTl9fi] . 

Proof. Let z G L(H) such that T(z) = z. Set t = A • (zG) G H*. By using 
and 14.2ip . we have that for any x, y G H, 

t(xy) = X(zGxy) — X(zS 2 (y)Gx) = \{zGyx) = t(yx). 

Moreover, for any x G H, 

t(S(x)) = X(zGS(x)) = X{G 2 KxG- 1 S- 1 (z)) by 

= X((S(z) <- v)G 2 h v xG- 1 ) by 

= \{zh^ l G 2 hvxG~ 1 ) since T(z) = z 

= \{zS 2 (G- 1 )h- 1 G 2 Kx) by M 

= A(zG- 1 /i; 1 G 2 ^x) 

= A(^GS , - 4 (^ 1 )/i„a;) by Km 

— X(zGh~ 1 h 1/ x) = X(zGx) = t{x). 
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Conversely, let t G H* be a trace on H . Since (H*, •) is a free right 7J-module 
of rank 1 with basis A and G is invertible, there exists a (unique) z G H such that 
t = A • (zG). Let x e H. For all a £ H, 

\{zxGy) = \{zGS- 2 {x)y) by IET2T1) 

= t(S-*(x)y)=t(yS- 2 (x)) 

= X(zGyS~ 2 (x)) 

= X((x J- v)zGy) by (Oil . 

Therefore, since (-ff*, ■) is a free right if-module of rank 1 with basis A, we have 
that (x ^— v)zG = zxG and so (x ^— v)z = zx. Hence z G L(H). Moreover, for all 
x G i?, 

A(zGx) = = = \{zGS{x)) 

= X(G 2 h l/ xG- 1 S- 1 (z)) by 
= A(G 2 /i^S'- 1 (zG)) 

= A(G 2 ^a; > 5'- 1 ((G ^ since z G L{H) 

= X((S((G *- v)z) *- v)G 2 h v x) by iOI . 
Therefore, since (if*, •) is a free right i?-module of rank 1 with basis A, 
zG= (S((G <- v)z) <- v)G 2 K 

= (S(z) v)(S(G *—v) J— v)GS 2 (h u )G bv Km 
= (S(z) <- ^{GyiG-^G^GKG 
= {S{z)^v)h v G = T{z)G 

and so T(z) = z. □ 



References 

[Abe80] E. Abe, Hop} algebras, Cambridge University Press, Cambridge, 1980. 

[Ben98] D. J. Benson, Representations and cohomology I, second ed., Cambridge Studies in 

Advanced Mathematics, vol. 30, Cambridge University Press, Cambridge, 1998. 
[BKLT00] Y. Bespalov, T. Kerler, V. Lyubashenko, and V. Turaev, Integrals for braided hopf 

algebras, J. Pure Appl. Algebra 148 (2000), no. 2, 113-164. 
[BruOOa] A. Bruguieres, Categories premodulaires, modularisations et invariants des varietes 

de dimension 3, Math. Annalen 316 (2000), no. 2, 215-236. 
[BruOOb] , Tresses et structure entiere sur la categorie des representations de SLjy quan- 

tique, Comm. Algebra 28 (2000), no. 4, 1989-2028. 
[CR62] C. Curtis and I. Reiner, Representation theory of finite groups and associative algebras, 

Interscience, New York, 1962. 
[Dri90] V. G. Drinfeld, On almost cocommutative Hopf algebras, Leningrad Math. J. 1 (1990), 

no. 2, 321-342. 

[Hcn96] M. A. Hennings, Invariants of links and 3-manifolds obtained from Hopf algebras, J. 
of London Math. Soc. 54 (1996), no. 3, 594-624. 

[Ker97] T. Kerler, Genealogy of non-perturbative quantum-invariants of 3-manifolds: the sur- 
gical family, Geometry and physics (Aarhus, 1995), Dekker, New York, 1997, pp. 503- 
547. 

[Kir78] R. Kirby, A calculus of framed links in S 3 , Invent. Math. 45 (1978), no. 3, 35-56. 
[KR95] L. H. Kauffman and D. E. Radford, Invariants of 3-manifolds derived from finite 

dimensional Hopf algebras, J. of Knot Theory and its Ramifications 4 (1995), no. 1, 

131-162. 



KIRBY ELEMENTS AND QUANTUM INVARIANTS 



45 



[Lan98] S. Mac Lane, Categories for the working mathematician, second ed., Springer- Verlag, 
New York, 1998. 

[Lic97] W. B. R. Lickorish, An introduction to knot theory, Springer- Verlag, New York, 1997. 
[LR87] R. G. Larson and D. E. Radford, Semisimple cosemisimple Hopf algebras, Amer. J. 

Math. 109 (1987), no. 1, 187-195. 
[LR88] , Finite dimensional cosemisimple Hopf algebras in characteristic are 

semisimple, Journal of Algebra 117 (1988), no. 2, 267-289. 
[Lyu95a] V. Lyubashenko, Invariants of 3-manifolds and projective representations of mapping 

class groups via quantum groups at roots of unity, Comm. Math. Phys. 172 (1995), 

no. 3, 467-516. 

[Lyu95b] , Tangles and Hopf algebras in braided categories, J. Pure Appl. Algebra 98 

(1995), no. 3, 245-278. 
[Maj93] S. Majid, Braided groups, J. Pure Appl. Algebra 86 (1993), no. 2, 187-221. 
[Rad90] D. E. Radford, The group of automorphisms of a semisimple Hopf algebra over a field 

of characteristic is finite, Amer. J. Math. 112 (1990), no. 2, 331-357. 
[Rad92] , On the antipode of a quasitriangular Hopf algebra, Journal of Algebra 151 

(1992), no. 1, 1-11. 

[Rad94a] , On Kauffman's knot invariants arising from finite- dimensional Hopf algebras, 

Advances in Hopf algebras (Chicago, IL, 1992), Lecture Notes in Pure and Appl. Math., 
vol. 158, Dckkcr, New York, 1994, pp. 205-266. 

[Rad94b] , The trace function and Hopf algebras, Journal of Algebra 163 (1994), no. 3, 

583-622. 

[RT91] N. Yu Rcshctikhin and V. G. Turaev, Invariants of 3-manifolds via link polynomials 
and quantum groups, Invent. Math. 103 (1991), no. 3, 547-597. 

[Tay] L. Taylor, Gauss Sums in Algebra and Topology, http://www.nd.edu/-taylor, prepu- 

plication. 

[Tur94] V. G. Turaev, Quantum invariants of knots and 3-manifolds, Walter de Gruytcr & 
Co., Berlin, 1994. 



Departement des Sciences Mathematiques, Universite Montpellier II, Case Courrier 
051, Place Eugene Bataillon, 34095 Montpellier Cedex 5, France 
E-mail address: virelizi@math.univ-montp2 . f r 



